Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.2
Hyperbolic cosine”

Test results for the 183 problemsin "6.2.1 (c+d x)"m (a+b cosh)*n.m"

Problem 28: Result more than twice size of optimal antiderivative.
J(c+dx) Sech[a+bx] dx

Optimal (type 4, 61leaves, 5steps):

2 (c+dx) ArcTan [e®*] idPolylLog[2, -ie®*] idPolylLog[2, ie®"®X]
- +

b b? b2
Result (type 4, 132leaves):
% 4bcAr‘cTan[Tanh[l (a+bx)]]-d(-2ia+nr-2ibx) (Log[1-1ie***|-Log[l+ie**])+
2b 2

d(-2ia+n) Log[Cot[1 (2ia+m+2ibx)]]-21id (PolyLog|2, -i e*®*] - PolyLog|2, i e®***])
4

Problem 32: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)25ech[a+bx]2d1x

Optimal (type 4, 73 leaves, 5steps):

(c+dx)2 2d (c+dx| Log[1+e? (X |  d2polylog[2, -e2 (@X ] (c+dx)2Tanh[a+bx]
- - +
b b2 b3

b
Result (type 4, 277 leaves):
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2cdSech[a] (Cosh[a} Log[Cosh[a] Cosh[b x] +Sinh[a] Sinh[b x]] —beinh[a])

+

b? (Cosh[a]?-Sinh[a]2)

_p2 g ArcTanh[Coth[a]] y2 ;j Coth[a]

1-Coth[a]?

d? Csch[a]

(-bx (-7 +21iArcTanh[Coth[a]]) - mLog[1+e?**] -2 (i bx+iArcTanh[Coth[a]]) Log[1 - e?*® (+bx+iArcTanh[Cothlal]) ]

nLog[Cosh[bx]] +2 i ArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]] + i Polylog|2, e?* (:bxiArcTanhiCothlall) ] )

Sech[a]]/

Sech[a] Sech[a+bx] (c2Sinh[bx] +2cdxSinh[bx] +d*x?Sinh[bx])
b

(b3\/Csch[a}2 (-Cosh[a]?+Sinh[a]?) ) +

Problem 38: Result more than twice size of optimal antiderivative.

J(c+dx) Sech[a+bx]3dx

Optimal (type 4, 102 leaves, 6 steps):

(c+dx) ArcTan[e*®*]| idPolyLog[2, -ie®®*] idPolylog[2, i e®®*| dsSechia+bx] (c+dx) Sech[a+bx] Tanh[a +bx]
- + + +
b 2 b2 2 b? 2 b2 2b
Result (type 4, 263 leaves):

cArcTan[Tanh[i (a+bx)H 1

b 2 b?

JT
d(«ja+—fjbx
2

Log[lfej‘(’“*%’jbx)] 7Log[1+ei(’“*2”“x)]) - [7ja+£) Log[Tan[1 (7]'1a+ T ibx
2 2

+

i (PolyLog [2, et -ias-ibx] ] - Polylog [2, et (-ia+Z-ibx| ] ]

d Sech[a] Sech[a + b x] (Cosh[a] +beinh[a]) dxSech[a] Sech[a+bx]2Sinh[bx] cSech[a+bx] Tanh[a+b x]

+ +

2 b? 2b 2b

Problem 39: Attempted integration timed out after 120 seconds.

dx

JSech [a+bx]3

c+dx

Optimal (type 9, 18leaves, 0steps):
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Sech[a+bx]3

Unintegr‘able[ , x]

c+dx

Result (type 1, 1leaves):

2P

Problem 40: Attempted integration timed out after 120 seconds.

dx

JSech[a+bx}3
(c+dx)2

Optimal (type 9, 18leaves, 0steps):
Sech[a+bx]3
-

Unintegr‘able[ ( )2
c+dx

Result (type 1, 1leaves):

2?7

Problem 48: Result more than twice size of optimal antiderivative.

J(c+dx)5/2C05h[a+bx12dlx

Optimal (type 4, 239 leaves, 10 steps):

2a: s V2 b edx
5d(c+dx)3/2 (c+dx)7/2 5d(c+dx)3/2Cosh[a+bx]2 15d72e°7 \/?E'"'F[ : bvd—c dx]

+ - + -

16 b? 7d 8 b2 256 b7/2

5,2 2222 . 2 /b +/cidx
15dze™ e [7 Erfi ) (c+dx)>2?Cosh[a+bx] Sinh[a+bx] 15d2+/c+dx Sinh[2a+2bx]
+

256 b7/2 2b 64 b3

Result (type 4, 3531 leaves):

d\/m(:osh{m] d3/2 Er‘f{\/T\/?d\/mdx %Er‘fi{\/T\/?vcmX }

d — \/tT ] Sinh[zbc]
4b 16 /2 b¥?2 d

<c+dx)7/2
~—F = c?Cosh[2a] |- +
7d 2 d
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/ V2 o Jeax (12 b eax
&2/ | -Erf +Erf .
ZCOSh{ZbC} N er [ [4 } Er‘l{ [ ] +dw/c+dx Slnh{“(%w
d 16 /2 b%? 4b
+
d
/2 f fo ﬁ . \/k\/> /i
zcosh[Zbc} dmCosh[zb[?de] _ds/ \H EF“F[ ZVbGV d }+EP'F1{ 2 h/:\/ d ”
d 4b 16/2 b3/2
c2Cosh[a] Sinh[a)] y _
3/2. /7 |- V2 b Jeax . T2 Vb Jedx .
zsinh[ZbC} 7d Vo | -erf| = | verfi] = ] K e sinn | 221 |
d 16 /2 b3/2 4b
+
d
) Vi s Voan | g (2 Ao Jotx
,e dchsh{zb(:dxw _d32\/7 Er‘f{ va/d d ]+Er‘f1{ 2 b/d d H Sinh[zbc}
4b 16\/7b3/2 d
cdCosh[2a] _
d2
B2\ —Erf{i\/z o Jeax }+Er‘fi{7\/2 Jo Jeax } d . [2b (cedx
2bc 4 fa N erd x Smh{#]
2 c Cosh| . ] 1- T + L
1 2 2
. Sinh[ bc]{gdf‘/zﬁEr‘F[\/—W\/“dx]
d? 32+/2 b2 d d Vd

\EW\/CerX
\d

3d3/2\/;Er‘-Fi[ ]+4ﬁ\m\/c+dx

-4b (c+dx) Cosh[“(c;dx)] +3dSinh[2b<cd+dX)}J] +



1 cosn[ 22 3d3/2ﬁErf[ﬁW ye+dx }+3d3/2v7EmCi[ﬁW Verdxy,
32+/2 b%/2d d Ja N
4~/2 Vb Jcrdx 3dCosh[2b(c+dX>]+4b(c+dx)sinh[2b<c(;dx)”] N

d+/crdx Cosh|22109x) ] /2 [E"f[\gJTﬁﬁbErﬁ[\gﬁjﬁH

d
4b 16 /2 b¥/?2

2cCosh[22C] .

2cdCosh[a] Sinh[a] |- .

d2

— I
d3/2\/?[—Er-F[\/2\/b/7\/cm}+Erfi{w}
d d

d

2csinh[22€] |- | dvedx sim[ 22l

d 16 /2 b3/2 4b
1
N
¢ 32+/2 b%/2d
COSh[&] [—3<13/2V7Em°[\/7\/F c+dx]+3c|3/WFE|mci[\/7\/F C+dx]+
i Vd va
2b d 2b d
4-/2 b Jc+dx 4b (c+dx) Cosh[%}_mjsmh[%] J_
7Sinh[£] 3d3/2\/75f‘f[ﬁﬁm}+3d3/2ﬁ5pﬁ[ﬁﬁm}+
324/2 b%/2d d Ja N
2b d 2b d
4+/2 /b Jc+dx —3dCosh[(C+X>]+4b(c+dx)sinh[<cd+x)} ] .
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a2 [Er‘fp/?\/?\/x}%r‘fi{\’qx/?Vc*dx }
d

2b (c+dx) ]
2 d+/c+dx Cosh{diw p Sinh[Zbc
d

ab B 162 b2 )

1
=d?Cosh[2a] |- +
2 d3

2c¢C

] { a2 ,Epf{VTVKE\W%HH[VTV?&W} N rores Sinh[zbc;dx}]]
- +

2 c2 Cosh| 22€

d 16+/2 b3/2 4b

1

d? +16\/?b5/2d2
\/?\/F C+dx]+3d3/2\/;EPfi[ﬁ\/Fm]+

N N

2b <C+dx) } —3dSinh[2b (c+dx>
d d
\/7\/?\/c+dx ]+3d3/2\/?Er‘-Fi[\/7\/F\/C+dX
Ja Ja
2b (c+dx) | ab (c-dx) Sinh[Zb (c+dx)} ]_
c+dx)

d d
| ~15d*~/r Erfi[+/2 ° { y

c Sinh[zdﬁ] [3d3/2 Vo Erf|

4\5\5\/c+dx

4b (c+dx) Cosh|

]

2bc
- C COSh[—]
16 /2 b*/2d? d

4\/7\/Fx/c+dx

30372\ Erf] E

-3dCosh|

c+dx)

b
(c+dx)3/25inh[%] 1502/ Erf[V2 ( ;

(C+dx)

]+4\/? b

2b(c+dx) 2b<c+dx)

d

] -20bd (c+dx) sinh| ] 128 /2 b2 d?

/

\EWW] —15d5/2\/7Er‘-Fi[ﬁﬁ crdx
Vd Vd

{(15d2+16b2(c+dx)2)Cosh[ (b(“dx)

3/2
] .

1 Cosh[Zbc}

128 /2 b7/2 ¢2 d

15d%2 /7 Erf|

} +




4\/?\/?N/C+dx

d? Cosh[a] Sinh[a]

2¢? Sinh[zzc

-20bd (c+dx) Cosh| y

d+/c+dx Cosh{mdi*dxw

2b (c+dx)

2b (c+dx)

] + (1502 +16b* (c+dx)?| sinh] -

]

] .

d3/2\[n |Erf

d /d

2c2Cosh[22C] [ 4b -

{V/?V/:N c+dx ]+Er‘1ci{\/7\/?\“ crdx }]
16 /2 b%?

d3/2 \/7
] _

d3

ﬁ\m}
o

~Erf| Yz o +EPFi|

d d

—
\ 2 \/:\‘cfdx }

16+/2 b3/

4b

d/crdx Sinh[“’(c%] ]
+

1

2bc
cCosh[T]

4\5\5\/C+dx

16 /2 b5/2 d2

4\/?\/?\/C+dx

3d3/2\/;Er'-F[

cSinh[g]

d3

\E\/F\/C+dx
\d

-4b (c+dx) Cosh|

32 Erf|

| -3d¥2/n Erfi]

2b (c+dx)

\/7\/?\/c+dx

.
16 /2 b5/ d?

\E\m\/c+dx ]+
\d

2b (c+dx)
d

+

| +3dsinh|

]

\/TW\/C+dx

d
2b (C+dx>

-3dCosh]| y

128 /2 b7/2 2

4ﬁ\m\/c+dx

1

osh[zzc} [15d5/2ﬁ5rf[

Vd

| +4b (c+dx) Sinh|

\E\/F\/CerX

| +3d%2+/n Erfi|

|+

2b <C+dx)
d

]

Vd

\EW\/CerX

(1502 +16b? (c + dx)?| Cosh|

128 /2 b7/2 d2

Sinh[Zbc} [15 d*2+/ Erf|
d

V2 /b Ver+dx

| ~15d°2/n Erfi|

] +

Vd Vd

2b<c+dx)

y }2ebd(c+dx)51nh[2b<cd+dx)}J]

V2 b Verdx

Vd

| -15d%2 /7 Erfi]

L

6.2 Hyperbolic cosine.nb | 7



8 | 6.2 Hyperbolic cosine.nb

2b (c+dx)

42 \/b Vc+dx |-20bd (c+dx) Cosh| y

| + (15d2+16b? (c+dx)?| sinh| -

Problem 61: Result more than twice size of optimal antiderivative.

dx

JCosh [a+bx]3

<c+dx>5/2

Optimal (type 4, 277 leaves, 18 steps):

2Cosh[a+bx]3 NER
- + +

3d (c+dx)?? 2d°/2 2d5/2

b3/2 efa+bd—c\/;Er‘_F[3(b \/_ydc +d x } b3/2 e—3a+¥ /37[_ EP'F[MB Vb c+dx ]
+

bc 3bc
3/2 a-— [ a/b Vecrdx 3/2 3a-—— - [V/3 /b c+dx
b2/ ™ v Erfi[ ] 22 et e V3 Erfi [P e ] b x]2Sinh(a s bX]
+ _

2b (c+dx)

2d°/2 2d°/2 d2+/c+dx
Result (type 4, 716 leaves):

]

|
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1

6d°/2 (c+dx)>?

3d*? Cosh[a+bx] -d*?Cosh[3 (a+bx) ]|+

3b>2c+/7r +/c+dx Cosh[a- ]Er‘-F [\/— € rdx ] +3b%2d+/n x/c+dx Cosh[a- }Er‘f [\/— c+dx}
d T d Va
3032 ¢ VI e ax Cosh[3a- 22 npi[ Y2 YR VCrdX )y et ax cosh[3a- 20 Erp [ Y3 VR Verdx )
d Ja d VT
3b3’/2\/ﬁ<c+dx)3/2Er'1c[\/?\/F c+dx] Cosh[3af—3bc]7Sinh[3a73bc])+
Nrs d d
332 c/371 Verdx Erfi[\/?\/g Lt dX ) sinh[3a- 225 . 3022d /37 xv/crdx Er‘-Fi[\/?\/F e dX ) sinn[3a- 225,
e , Ve a
3032 o (crdx) 2 ene] Y2V ETAX cosh[a_b—c]_sinh[a_b—c}]+
Ja d d
b c+dx Vb c+rdx

]Sinh[a-b—c] +3b¥2d+/m xVc+dx Erfi]
Vd d va

6bc+/d Sinh[a+bx] -6bd*2xSinh[a+bx] -6bc+/d Sinh[3 (a+bx)]-6bd*?xsinh[3 (a+bx)]

3b%2c~/m Verdx Erfi| ]Sinh[a—bd—c}—

Problem 62: Result more than twice size of optimal antiderivative.

JCosh [a+bx]3

(C+dx>7/2

Optimal (type 4, 331 leaves, 19 steps):

b5/2 e'a+:_c\/?Er‘f[M] 3 p5/2 (e_3a+32c NE Erf[m}

16 b2 Cosh[a + b x] 72Cosh[a+bx]3724b2Cosh[a+bx]37 Jd ) Jd X
5d3+/c+dx 5d (c+dx)*? 5d3+/c+dx 5d7/2 5 47/2
be 3bc
5/2 Q3 s [a/b Verdx 5/2 33— s 12/3 Vb Jerdx
b>/% e a /7t Er"Fl[ N } 3b/%e ¢ 37T Er“Fl[ Nes } 4bcCosh[a+bx]2Sinh[a+bx]
+ —
5d7? 5d72 5d? (c+dx)*?

Result (type 4, 680 leaves):
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1
10d7/2 (c+dx)>?

4b2c2~/d Cosh[a+bx] +3d*2Cosh[a+bx] +8b%cd*2xCosh[a+bx]+4b2d’2x2Cosh[a+bx] +12b2c2\/?Cosh[3 (a+bx)] +

d*/2Cosh|[3 (a+bx) | +24b%cd*?xCosh[3 (a+bx) | +12b*d*'?x?Cosh|3 (a+bx)]+2b5/2\/?(c+dx>5/2Cosh[a7bd—c] Er*-F[\/F\/:erX}Jr
d

6b°/2+/3 7 (c+dx)5/2C05h[3afﬂ] Er‘w‘[\g\/F crdx ]—2b5/2\/;<c+dx)5/2Cosh[a—bfc] Er‘fi[m]—

d Jd d VT
605237 (c+dx)52Cosh[3a- 22C] Er‘Fi[\EW < dX ) ep2y3n (c+dx>5/2Er‘f[\EW € dX ) Ginh[3a- 225

Ve Va

6b5/zm(c+dx)5/2EPfi[\EW ferdx ]Sinh[sa-ﬂ] -2b5/2ﬁ(c+dx)5/25mc[L W]Sinh[a—b—c] -

Ja a N a

\/F\/c+dx

2b°2~/n (c+dx)¥2Erfi| ]Sinh[a—bd—c} +2bcd¥2sinh[a+bx] +

Vd

2bd*?xSinh[a+bx] +2bcd”?Sinh[3 (a+bx)] +2bd**xSinh[3 (a+bx)]

Problem 71: Result more than twice size of optimal antiderivative.

J X +x+v Cosh[x] | dx

Cosh[x]3/?
Optimal (type 3, 20leaves, 2 steps):

_4m . 2 xSinh[x]
1/ Cosh [x]

Result (type 3, 46 leaves):

2 Cosh[x] Sinh[x] Tanh{;—}2
2Sinh[x] |x-

(-1+Cosh[x])3/2 ] 1+Cosh[x]

1/ Cosh[x]
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Problem 74: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Optimal (type 4, 36 leaves, 3 steps):

X

Cosh[x]3/?

+x2+/Cosh[x] | dx

i X 2 x2Sinh[x
-8x+/Cosh[x] -161 EllipticE[l—, 2]+ 2x73inhix]
2

/Cosh[x]
Result (type 5, 76 leaves):
L 12X4\/m (Cosh[x] +Sinh[x])
+ @
(—4 (-2+x) Cosh[x] +x*Sinh[x] +8Hyper~geometr‘ic2F1[—i, %, %, ~e?*] (-Cosh[x] +Sinh[x]) v/1+Cosh[2x] +Sinh[2X]

Problem 76: Attempted integration timed out after 120 seconds.

J(c+dx)"‘Cosh[a+bx]3dlx

Optimal (type 4, 237 leaves, 8 steps):

3-1-m 3ot (c+dx)" (—4—“ cdx )7mGamma[1+m, - 3bfexdx ] 3% (c+dx)" (—4—“ cdx )7mGamma{1+m, - blerdx) |
d d . d d
8b 8b

R (c+dx)" (J—Lb c;dx )7mGamma{1+m, 3b (cxdx) Cd*dx ]

8b 8b

a.bc " 7
3e (c+dx)m(b_(c2ﬂ)_) Gamma[1+m, MCQ_dX)_] 3-1mg-3ar

Result (type 1, 1leaves):

???

Problem 112: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J (c+dx)? i

a+aCoshfe+fx]

Optimal (type 4, 88leaves, 6 steps):

(c+dx)? 4d(c+dx) Log[1+e®fX] 4d?Polylog[2, -e®fX] (c+dx)2Tanh[§
- - +

af af? af3 af
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Result (type 4, 472 leaves):

78chosh[§+ %]ZSech[f} (Cosh[%] Log[Cosh[i] Cosh[%] +Sinh[§} Sinh[%“ - ifxsinh[i]) )
2 (a+aCoshle+fx]) (Cosh[ﬂz—sinh[i]z)
8 d? Cosh[S + TC—X]ZCsch[E] L gancrann[cow[2]] g2 2 1
2 2 2 4 ;
1-Coth[¢]
2
jCoth[S} (—%-Fx (—n+21’1Ar‘cTanh[Coth[§H) -mLog[l+efX] -2 (jix +J'1Ar‘cTanh[Coth[§H Log[1-e”* i:x*i“"”a"h[“th{?m} w7

Log[Cosh| f—X] | +2 1 ArcTanh|Coth| E} | Log[i Sinh[F—X + ArcTanh [Coth[g] |]] + 1 PolyLog|2, g2t (F+iarcTanh[coth[]]] ]] Sech| S] /
2 2 2 2 2

2Cosh[§+ %‘] Sech[f} (czsinh[%] +2cdeinh[fo} +d2xzsinh[’c2—x])

+

> (a+aCoshle+fx]) \/Csch[s]z (7Cosh[g]2+sinh[g}2]
2 2 2

f (a+aCoshle+fx])
Problem 117: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J (C+dx)2 4
%
(a+aCoshfe+fx])?

Optimal (type 4, 200 leaves, 9 steps):

(c+dx)?* 4d(c+dx) Log[1+e*X] 4d?Polylog[2, -e®FX]

3a2f 3 a2 f2 3a2f3

d(c+dx) Sech[§+2—x]2 ) 2d2Tanh[§+%"] ) (c+dx)2Tanh[§ )
3 a2 f2 3a%f3 3a%f 6azf

+

+fTX] <c+dx)ZSech[§+%‘}2Tanh[§+%X}

Result (type 4, 637 leaves):
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16chosh[§+ %‘]4Sech[§] (Cosh[ﬂ Log[Cosh[%] Cosh[X] + sinh|¢] Sinh[%‘]] - %foinh[f])

e
2
€
2

2
3 f2 <a+aCosh[e+-Fx])2 (Cosh[i]z—sinh[ ]2)

16 d? Cosh | ¢, -F—Xr Csch]| E} 1 o ArcTanh [coth [ S]] ca o !
2 2 2 4
1-coth[2]?

1fx

2

—7r+21'1Ar'cTanh[Coth[SH) ~rlog[1+efx] -2 ( + i ArcTanh[Coth[ < ]]| Log[1 - € i?*“"”a““[c"th[i—m}
2 2

. e 1
iCoth[—] [——fx g

2 2

Log[Cosh[f—x] | +21i ArcTanh|Coth| S} | Log[i Sinh{{—x + ArcTanh [Coth[g] 1] +1iPolyLog|[2, g2 (i arcTanh[coth[1]]) ]] Sech[g] /
2 2 2 2 2

e 1

Sk 1%+ sinh[ 2] Cosh [+ 7% secn[ 2]
2

(7Cosh[ )J+
2 2 3f% (a+aCoshle+fx])? 2 2 2

33 (a+aCosh[e+fx])2\/Csch[

(2cdfCosh[’c—X} +2d2fxcosh[f—x} +2cdfCosh[e+f—X] +zd2fxcosh[e+"c—x} —4dZSinh[F—X] +3c2f251nh[{—x} +6cdf2xsinh[f—x} +
2 2 2 2 2 2 2

f f 3f 3f 3 f 3f
3d2 2 x2 Sinh[ | +2d?Sinh[e+ | -2d?Sinh[e+ — ] + 22 Sinh[e+ | +2cdfxSinh[e+ — | + d? f2x2 Sinh[e+ |
2 2 2 2 2 2
Problem 144: Result more than twice size of optimal antiderivative.
X3
J dx
(a+aCosh[x])3/2
Optimal (type 4, 402 leaves, 16 steps):
332 24 x ArcTan [ e*/?] Cosh[?] x3 ArcTan [ e*/?] Cosh[?] 241‘1Cosh[ﬂ Polylog|2, -1 /2]
_ + + _
a+va+acCosh[x] a+va+acCosh[x] ava+acCosh[x] a+va+acCosh[x]
3ix? Cosh[f} Polylog|2, -1 /2] ) 241‘1Cosh[§] Polylog|2, i e*/2] ) 3ix? Cosh[f} Polylog|2, i e*/2] ) 121’1xCosh[§} Polylog|3, -1 e¥/?] )
ava+acCosh[x] ava+acCosh[x] a+va+acCosh[x] a+va+acCosh[x]
121 xCosh[i] PolylLog|[3, i e/ ) 24 1 Cosh[f] PolyLog|4, -ie*/?] ) 241‘1Cosh[§] PolyLog|4, i e/ ) x3 Tanh[ﬂ
a+v/a+acCosh[x] a+va+acCosh[x] ava+acCosh[x] 2a+va+acCosh[x]

Result (type 4, 1323 leaves):
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6x2Cosh[§}2 1

(a (1+cCosh(x]))*?* (a(1+Cosh[x]))>?

1 X

]3

8 Cosh|

)3
1
2 (a (1+cCosh(x]))?? 2

48Cosh[£]3 [—

ix (Log[1-1ie™?|-Log[1+1ie™?]|)-1i (PolylLog[2, -ie™*?|-PolyLog|2, Jie”‘/z])] +
2

1ot (-

1 1 (m 1ix
(—JT Log[Cot |~ (—7—
8 2 \2 2

[Log[lfcejl (E'Tx)] ~Log[l+e’ (;"TX)]) +1 [PolyLog[Z, —e’ (;"TX)] - Polylog|2, e (%-%)])] -

2

3, (1_ X (Log[l_efL (?’TX)] ~Log[l+e' (2’7)]) +21 (E— H] (PolyLog[z, —e' (?’7)} - Polylog[2, e (?’7)}) +
2 2 2 2 2
j(z,"‘;) j(z,z) 1 (n 1 oo ix\\4 1 (m ix)\4
2(—PolyLog[3, -e \2 2 ]+PolyL0g[3,e 2 2 })]+8[—1[—+—[——+— +—1[———) -
4 2 2 2 2 64 2 2
1 L noix 1 3 L[ Toix 3 R
Lo (1 (5+ : (-5+ =X ) -Log[1+e“(?§(*?7))]] - [5+ & (_5+ =X Log[1+e“(§*§(’?*7))] 2 (I- =X Log[1+el(77)} +
8 2 2 2 2 2 2 2 2 8 \2
i 2 1 L[ noix . (n oix
E7'(2 lJ'l(§+1[—z+H —[E+1(—E+L Log[1+e“(?§(’?7))}+11PolyLog[2, —621(2+2(2+2))]]+
4 2 2 2 2 2 2 2 2 2 2
2 ks s X 2 .
3 i (E+ 1 (75+ X PolyLog|2, —e?t (TH’?*T})] + i]’l Tz PolyLog[2, -e (77)} -
2 2 2 2 2 8 2 2
3 i 2 Lo noix 1 b X
> (11 (5+ : (75+ =X ) - (§+1 (7Z+H) Log[1+e?t (32 570 44 [5+ 3 (75+ H] Polylog[2, —e' i2 [+ 71)) -
2 3 2 2 2 2 2 2 2 2 2 2 2 2
lPolyLog[_?,, _et (?i(??))]] - i [z+ 1 (—z+ 7] PolyLog[3, _e?t (%%(7%*%))] -
2 212 2 2 2

i Cxix Cr 1 nix in i x3 Cosh | %] sinh| %
3 [E— el Polylog|3, -e’ (77)} 3 i PolyLog|[4, —ett (7?(’77))] - iJiPolyLog[4, -e’ (zz)]J + [2] [2]
4 4 4 (a (1+Cosh[x]))>"?

Problem 168: Result more than twice size of optimal antiderivative.

J (crdx)? ix

a+bCosh[e+fXx]

Optimal (type 4, 436 leaves, 12 steps):

(c+dx)’Log[1+ 2" ] (c+dx)’Log[1+ 2" ] 3d(c+dx)2Polylog[2, - 2" 3d(c+dx)?Polylog[2, - 2=~

a-+/ a?-b? a+/ a%-b? a-+/ a2-b? a+/ a2-b? ]

— + — —

Var-b? f Var-b? f Vaz-b? f2 Va?-b? f2

6d” (c+dx) Polylog[3, - —2<“—] 6d? (c+dx) Polylog[3, - 2<“—] 6d3Polylog[4, - ><“—] 6d°Polylog[4, - 2=

+ + -

4/a2_b2 .':3 4/a2_b2 .F3 a2_b2 .F4 4/aZ_b2 .':4
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Result (type 4, 1031 leaves):
1

V-a?+b? ./ (a? - b?) e?® f

+f 2e+f
2¢%,/ (a?-p?) ¢ f3Ar‘cTan[w]+3d—a2+b2 c*de® 2 xLog[1+ be’ ™ | +3+/-a%+b? cd?e® 2 X
\-a?+b? ae®-./(a’-b?) e®

2ef 2e+f 2e+f
Log[1+ be™™" | ++/-a%?+b? d®e® 3 x* Log[1+ be™™" | -3+/-a%?+b?* c?de® fPxLog[l+ be ™" ] -

ae® -,/ (a%-b?) e’° ae® -,/ (a?-b?) e’® ae®+,/ (a?-b?) e2¢
2e+f 2e+f
3y/-a bt et P xlLog[1e ][ oateb? e P Lol ]
ae®+ (az—bz) e?e ae®+ (az—bz) e?e
2erf 2e+f
3+/-a2+b? de° f? (c+dx>2PolyLog[2,_ b e2e+fx }_34/_az+b2deef2 (c+dx)2PolyLog[2,— ber™” ]‘
ae®- (az—bz) e?e ae®+ (az—bz) e?e
2e+f 2esf
6+/-a?+b? cd?e® fPolylog|3, - et | -6+/-a?+b” d” e fxPolylog|3, - — J+
ae® - <a2_b2) eZe ae® - (az_b2> eZe
2e+fx 2erfx
6/ -a%+b? cd? et fPolylog|3, - °e ] +6+/-a%+b? d’ e fxPolylog|3, - = J+
ae®+ <a2—b2) e?e ae®+ (az—b2> e2e
2e+fx 2e+fx
6/ -a2+b> d®e° Polylog|4, - Pe | -6+/-a%+b* d® e Polylog[4, - = )

ae® - (az—bz) e?e ae®+ (az—bz) e?e

Problem 173: Attempted integration timed out after 120 seconds.

J (C+dx)3 4
X
(a+bCoshfe+fx])?

Optimal (type 4, 823 leaves, 22 steps):
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3d<c*dx)2|-°8[1+ﬁ] a(c+dx)’Log[1+ bet™ ] 3d<c+dx)2Log[1+7beMX] a(c+dx)3Log[1+7beMx

(C +d X) 3 a-+/ a2-b? a-~/ a?-b? a+v/ a2-b? a+/ a?-b? }

- + + + - +

(asz2>f (asz2>+—2 (az_b2)3/2_F (asz2>+—2 (az_b2)3/2_F

e+fx

3ad (c+dx)*Polylog|2, 7&} 6d? (c+dx) Polylog[2, - b e Fx

6d? (c+dx) Polylog[2, - —2¢ ] ]
a-+/ a2-b? a-+/ a2-b2 a+/ a2-b?
+ + -

(az _ bz) £3 <a2_b2)3/2 £2 (a27 b2> £3

3ad (c+dx)?Polylog|2, - b e T | 6d*>Polylog|3, - b e ™ | 6ad?(c+dx) PolyLog|3, —ﬂ] 6 d> Polylog|3, o bet™

a+/ a?-b? a-+/ a’-b? a-+/ a?-b? a+/ a%-b? ]

- - - +

(a2 - b?)%/% £2 (a? - b2) £ (a2 - b?) 32 £3 (a2 - b2) £

6ad? (c+dx) PolyLog[3, - —2<=™ 6ad?Polylog[4, - 2= 6ad?PolyLog[4, - 2=
(¢ +dx) PolyLog[3, a+/a2-b? ] yLog 4. a/a?-b? ) yLog |4, as/a?-b? b (c+dx)’Sinh[e+fx]
N _ _

(az—b2)3/2f3 (az-b2)3/2f4 (az_b2>3/2f4 (az—bz)-F(a+bCosh[e+-Fx])

Result (type 1, 1leaves):

2P

Problem 174: Result more than twice size of optimal antiderivative.

J (c+dx)? N

(a+bCoshle+fx])?

Optimal (type 4, 593 leaves, 18 steps):

2d (c+dx) Log[1+ﬂ] a (c+dx)2Log[1+ﬂ] 2d (c+dx) Log[1+7bee+fx

(C +d X) 2 a-+/ a®-b? a-+/ a’-b? a+\/ﬁ }

- + + + -

(az_ b2> f (az_ bZ) £2 <a27b2)3/2_f_- (aZ_b2> £2

b eefx

a (c+dx)2 Log[1+ &] 2d2 Polylog[2, - b et ] 2ad(c+dx) PolyLog|2, —&} 2d?PolyLog|[2, -

a+4/ a2-b? a-+/ a?-b? a-+/ a?-b? a+4/ a2-b? ]

+ + + -

(az—b2)3/2f (a-b2) £ (az_bz)s/zfz (a2 - b2) £

2ad (c+dx) Polylog[2, - —2¢~ 2ad?Polylog[3, - 2=~ 2ad?Polylog[3, - 2
(€ rdx) Polyiog 2, a+\/a27b2} yLog[3, aﬂ/az,bz] yLog[3, e b (c+dx)2sinhfe+fx]

— + —

(a? - b2)%/2 £2 (a2 - b2)3/2 f2 (a2 -b%)?2 £ (a?-b?) f (a+bCosh[e+fx])

Result (type 4, 6016 leaves):
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1 2e® |-2cde®*x+2cde® (1+e*®) x-d?’e®x*+d’e® (1+e’®) X+
(a%-b%) (1+e2¢) f

e+fx e+fx e+fx e+fx
ac2e®ArcTan| 2:be® X1 52 % ArcTan [ abe® X1 7 acde®ArcTan [ %} 2acde®ArcTan| a:bet X
-a?+b? -a?+b? -a?+b? —a?+b?
N _ v _

i
\ -a?+b? v -aZ+b? Vv-aZ+b? f Vv-aZ+b? f

e+fx
2 aArcTan [ a:bet X

[b erfx, b2 (e fx)] 2aArcTan[4a+bee+fx} {b iy fx)}
o —a?+b? Logib+2ae®* "X +be” ¢ A —a?2+b? Log|b+2ae®* "™ +be” ¢
cde™® |-2x+ 2 + +cde® |[-2x+ 2 +

V-aZ+b? f f

V-a?+b? f f

e+fx e+fx
x Log {1+ be ] PolyLog {2, - L}
x? _ ae®-y/ - (-a2+b?) e2° _ aeey - (-a2:b?) e2¢
2 |ae®-q/ - (-a%+b?) e’° ] ae®-/ - (-a%+b?) e2° ] f ae®-/ - (-a%b?) e?¢ | 2
2bd*e® +
_aeC_e2¢./a2e2e_p2g2¢ B _aeCie2€./a2e2e_p2e2e
b b
erfx e+fx
x Log {1+ be? } Polylog {2, - L}
x2 aetin) - (-a?ib?) e2¢ a e/ - (~a2:b?) e2°
2 |ae®q - (-a%+b?) e?® ] ae+ - (-a%+b?) e?® | f a e+ - (-a+b?) e?¢ | f2
-2bd?e®
_a efeie—Ze aZ eZe7b2 EZe 3 _a efeJre—Ze /az e2e7b2 eza
b b
2e+fx 2e+fx 2e+fx 2e+fx
X Log {1+ be ] PolylLog [2, - bei} x Log [1+ Mi} PolylLog {2, R Lt
x? _ act/ (-atb?) e aee /- (-a2:b?) e2¢ x2 B acti (aib?)e2e aetiy - (-a2:b?) e2¢
2 ae®- —(—a2+bz> e ] ae®- —(—az+b2) e?e ] f ae®- —(—az+b2) e?e | f2 2 [ae®+q —(—az+b2) e?¢ aee+x/—(—az+b2> e?e | f ae®+ _(_az+bz) e?e ] f2
_ + _
_a efeie—ZE aZ euibz eZe _a efeJre—Ze /az 9297b2 eZe _a e—eiefze az e2e7b2 eu —a e—e+e—2e az eZe7b2 en
b b b b
b 2e+fx b 2e+fx
x Log[1+ = | PolyLog|2, - - ]
2 e 2,12\ o2e e 2,12 e
X ae®-/-(-a%b?) e ae®-/-(-a%+b?) e
2ad? |- (—ae’eﬂe’ze a2 e?®-b?e?® -
2(aes-[-(~a2+b2) e | [aes-\[-(-a?+0?) e | f [aet-.[-(-a2+b?) 2" ) £
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_ae—e_(e—Ze“/aZ eZe_bZ eZe _ae—e_‘_e—Zeﬂ/aZ eZe_bZ eZe

b - +
b b
x Log[1+ bett ™ | PolyLog[2, - bets™ ]
X2 ae®+ 7(7a2+b2)eze ae®+ f(faerbz)eze
(7aefe efZe a2 eZe b2 (e2e _ _ /
2 aee+\/—( a2+b2)eze aaee+\/—<—a2+b2)<e2e f acee+\/—(—a2+b2)cez‘*)'F2
_ae—e_(e—ze a2 eZe bZ(EZe _ae—e+e—2e azeze bzeze
b - +2acdf
b b
xLog[1+ be?ert } PolyLog[Z, - be?et }
x2 ae®-4/ - (-a2+b?) e’ ae®-q - (-a%+b?) e2°
_ 7ae—e+e—2e a2e2e bZQZe) _ _ /
2 aee—\/—<—a2+b2)eze) aee—\/—(—az+b2)eze f aee—\/—(—a2+b2)eze f2
b _aefe_(e—Ze az <e2e_b2(62e _aefe_'_efZe az(EZe_bZ(eze
- +
b b
, x Log[1 + be? et | PolyLog|2, - be? et ]
(a 22 b2 } x . acte/-(ebt) @ L aceey/-(-eb?) o0 /
2 aee+\/—(—az+b2)e2e ace‘3+\/—(—a2+b2)(ez'3 f aee+\/—(—a2+b2)eze)f2
_ae—e_e—2e4/32 <e2e_b2(62e _aefe_*_efZeA/aZeZe_bZeZe 5
b - -2ad
b b
, x Log[1+ beze:xz : | PolyLogl[2, - bezesz : ]
B e2e —a(ee+e’2e azez(__\ b2e2e X . ae®- —(—a+b)e - ae®- —(—a+b)e /
2 aee—\/—(—a2+b2) e?e aee—\/—<—az+b2> e?e | f aee—\/—(—a2+b2) e?e | £2

_ae—e_e—2e a2 eZe_bZ(EZe _ae—e+e—2e aZ(EZe_bZ(EZe

b b

} .
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x Log[1+ beterts ] PolyLog[2, - bete ]
x2 ae®+[ - (-a2+b?) e2° ae®+ - (-a2+b?) e2°
eZe _ae—e_e—Ze a262e_b2‘EZe _ _ /
2 aee+\/—<—a2+b2> e?e aee+\/—(—a2+b2) e?¢e | f aee+\/—(—a2+b2> e?e | 2
7ae—e7e—2e1/a262e7b2e2e 7ae—e+e—2e4/a2e2e7b2e2e
b - +2acdf
b b
, x Log[1+ bee ™ | PolyLog[2, - e ]
leze [Laeese2e-/a2 020 p2e2e X ~ ae®-/ - (-a+b?) e’ B ae®-/ - (-a+b?) e?° /
2 aee—\/—(—aZerz) e?e aee—\/—<—a2+b2> e?e | f aee—\/—(—a2+b2) e?e | f2
b 7ae—eie—2e1/a262e7b2e2e 7ae—e+e—2e aze2e7b2e2e
- +
b b
x Log[1+ bee | PolyLog[2, - e — ]
x2 ae®+ - (-a2+b?) e2° ae®+ - (-a2+b?) e2°
eZe _ae—e_e—ZE aZQZE_bZ‘EZe _ _ /
2 aee+\/—<—a2+b2> e?e aee+\/—(—a2+b2) e?e | f aee+\/—(—a2+b2) e?e | 2
7ae—e7e—2e aZ e2e7b2e2e 7ae—e+e—2e a2e2e7b2e2e
b - +
b b
, x? Log[lJr be?e } 2xPolyLog[2, - i ]
ad?f |- (—aeewe’ze a’e?® - b?e?° X - aety-(ratib?) e - acty (et e +
3 aee—\/—(—a2+b2) e2e aee—\/—(—a2+b2) e?e | f aee—\/—(—a2+b2) e?e | f2
2 Polylog|3, - b e’ ]
aee—\[-(-a%ib?) e2° / ) _ae©®_e2e+/a2 28 _p2g2e _ae®+e2e+/a2e2e _p2e2e ]
- +
aee—\/—(—a2+b2) e?e | f3 b b
, x? Log[1+ b2t } 2xPolyLog[2, - b et ]
(7ae787@’2e a2 eZe b2 ZG] X - ae®+ —(—az+b2)«eZE - ae®+ _(_az+bz)62e .

aee+\/—(—a2+b2) e’e aee+\/—(—a2+b2) e?e | 2
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2 Polylog|3, - b e ]
aets /7(7a2+b2) e2e _ae®_e2¢ a2 e2@ _ p2 g2¢ _ae®+e2¢€ a2 e2e _p2 g2 ;
/ b - +adf
aee+\/—(—a2+b2) e?e | f3 b b
, x? Log[1 + i | 2xPolyLog|2, - b e?er™ ]
| le2e [—aeese?eq/a?e2e b2 e2® ) X B aet-(-ab?) et aeon/-(-a%b?) e?* .
3 aee—\/—(—a2+b2) e?e aee—\/—<—a2+b2> e?e | f aee—\/—(—a2+b2) e?e | £2
2 Polylog|3, - b et ]
aee\[-(-aZib?) e2¢ / ) _ae©®_e2e+/a2p2e _p2g2e ae®+e2eq/a2e2e_p2gle ]]
- +
aee—\/—(—a2+b2) e?e | f3 b b
, x2 Log |1 + b g?=7x | 2xPolyLog[2, - be?eT ]
¢ [_aec_e2¢./a2e2e_p2e2e X B et - (-at+b?) e?¢ ety - (-a%eb?) e’ .
3 aee+\/—<—a2+b2>eze aee+\/—(—a2+b2)eze)f aee+\/—<—a2+b2>eze f2
2 Polylog|3, - i ]

ae®+ —(—a2+b2) e?® /

aee+\/— (—a2+b2) e?e | f3

(Sechfe] (ac?Sinh[e] +2acdxSinh[e] +ad?x*Sinh[e] -bc?Sinh[fx] -2bcdxSinh[fx] -bd*x*Sinh[fx])) /

((a-b)
(a+b)
.F
(a+bCoshle+fx]))
Problem 180: Result more than twice size of optimal antiderivative.

c+dx)™ (a+bCoshle+fx])2dx
[lerax)m e #x])

Optimal (type 4, 282 leaves, 10 steps):
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a2 (C+dX>1+m b2 <C+dX>1+m 2-3-m p2 e2e7$ <C+dX)m (7~F(c;dx) )7mGamma[1+m, 721:(:(1)()]
+ + +

d(1+m) 2d (1+m) f

abe® e (crdx)" (- fledx ) "G 1+m, - Hlesdx abe ™% (crdx)" [fledx ) ™ Gonma 1+m, Hedx)
d d d d

f £
2cf -
273 mp2 g 28 (c+dx)" (f—“;ﬂ)—) mGamma[1+m, M]

d

.F
Result (type 4, 650 leaves):
2 (c+dx)?) ™"
;273% (c+dx)" |- (c+dx)
d'F(ler) d2
23+ma2C.F _w]m+22+mb2cf _M m+23+ma2d.f:x _w]m+22+mb2d.‘:x _M m_
d? d?2 d? d2
f d m + d £ d m £ d
23+mabd[(c+x) Cosh[e—i} Gamma[1+m, (C+X)]23*"‘abdm(<c+x> COSh[efﬂ]Gamma[ler, M],
d d d d d
flerdx))” 2f (c+d flcrdx) )" 2f (c+d
bzd(—M COSh[Ze—2:;—-':]Gamma[1+mJ <cd+ X>]—b2dm _ (c+ X) Cosh[Ze—zzf}Gamma[1+m, (C+ X>]+
d
f dx)\" 2f d f dx)\" 2f d
bzd(g Gamma [1 +m, %]Sinh[Zezc‘F]erde % Gamma [1 + m, 7<Cd+ X)}Sinh[Zefzcjc]Jr
d
2f d
b*d (1+m) (‘C[i“( rnGé""r"a[1+m,(Cd+x>] Cosh[Ze—zzf]+Sinh[2e72:-F])+
f d m £ d f d m £ d
23M 3 h d 7& Gamma[1+m, M}Sinh[ecd—f]Jrz“"abdm(%J Gamma[1+m, (C+ X)]Sinh[e,ﬁ]Jr
d
f (c+dx)

m
Gamma[1+m, -

2*Mabd (1+m) (f(§+x ] cf ]

cf
Cosh|e - — Sinh|e - —
osh|e d]+ inh|e d]

d

Test results for the 111 problemsin "6.2.2 (e x)*m (a+b x"n)*p cosh.m"

Problem 37: Result more than twice size of optimal antiderivative.

dx

JCosh[c +dXx]

X <a+bx)3

Optimal (type 4, 262 leaves, 17 steps):
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d d
Cosh[c+dx] Cosh[c+dx] Cosh[c] CoshIntegral[dx] Cosh[c—a?}CoshIntegr‘al[aT+dx]

+ +
2a(a+bx)2 a? (a+bx) a3 a3

d d d . d
d? Cosh|[c - a?] CoshIntegral| a? +dx] dCoshIntegral| a? +dx] sinh|c - a?} dsinh[c+dx] Sinh[c] SinhIntegral[d x]

2 ab? a’b 2ab (a+bx) a3

dCosh|c - %} SinhIntegral| % +dx| Sinh[c- %] SinhIntegral| ? +dx| d?sinh|c- ?} SinhIntegral| % +dx|

ab a3 2 ab?

Result (type 4, 614 leaves):
1

2 a3 b? (a+bx)2

] +

2 |12 3 2 2 2 2 ﬂ a
-3a?b?Cosh[c+dx] -2ab®xCosh[c+dx] -2b? (a+bx)?Cosh[c] CoshIntegral[dx] +2b* (a+bx)*Cosh[c- | CoshIntegral|d +X
b b

q b d b
a* d? Cosh|c - %] CoshIntegral| M] +2a’bd*xCosh|c - %] CoshIntegral | M} :
d b d b
a2 b? d? x Cosh [ c - ?] CoshIntegral | M] +2a*bdCoshIntegral | M} Sinh[c - ?] +
d (a+bx) dfa+bx) ad

4 a’ b? d x CoshIntegral | | sinh|c- ?} +2ab?dx? CoshIntegral | | sinh[c- ?] -

a’bdSinh[c+dx] -a2b?dxSinh[c+dx] -2a2b?Sinh[c] SinhIntegral[dx] -4 ab®xSinh[c] SinhIntegral[dx] -
|+

. ad, ., a . ad, . a
4ab’xSinh|c- ?] SinhIntegral|d (g + x] | +2b*x?Sinh[c - ?] SinhIntegral|d (g + x] ]+

2b*x2 Sinh[c] SinhIntegral 22 g _ady a
gral[dx] +2a?b?Sinh|c | sinhIntegral|d | — +x
b b

d b d b
2a’bdCosh|c- %] SinhIntegr‘al[M] +4a’b?dxCosh[c- %] SinhIntegr‘al[M} +
d b d b
2ab*dx?Cosh|c- ?} SinhIntegr‘al[@;X)} +a*d?Sinh|c - ?] SinhIntegr‘al[<a;X)} +
d(a+bx) d(a+bx)

2a’bd? xSinh|c - %} SinhIntegral| | +a?b?d?x?Sinh|c - ?] SinhIntegral|

]

Problem 38: Result more than twice size of optimal antiderivative.

dx

JCosh[c +dXx]

x2 (a+bx)3

Optimal (type 4, 298 leaves, 21 steps):
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Cosh[c+dx] bCosh[c+dx] 2bCosh[c+dx] 3bCosh[c] CoshIntegral(|dx]

a®x 2 a2 (a+bx)2 a® (a+bx) a4 !

d d d d
3bCosh|c - ""T] CoshIntegral| ""T +dx] ) d? Cosh [ c - "“T} CoshIntegral| a? +dx] ) d CoshIntegral [d x] Sinh[c]
at 2a%b a3

+

d . d
2d CoshIntegral | a? +dx] sinh[c - af] dSinh[c+dx] dCosh[c] SinhIntegral[dx] 3bSinh[c] SinhIntegral[dx]

+ +
a3 2a2(a+bx

3 4

a a

)
2dCosh|c - %] SinhIntegr‘al[% +dx] ) 3bSinh|c- %] SinhIntegral| % +dx] ) d?sinh|c - %] SinhIntegr‘al[% +dx]
a* 2a’b

a3

Result (type 4, 710leaves):
1

2a%bx (a+bx)2

~2a’bCosh[c+dx] -9a%b?xCosh[c+dx] -6ab>x%Cosh[c+dx] +6b?x (a+bx)2Cosh[cfﬂ] CoshInte a
gral|d |~ +x
b b

d(a+bx) d(a+bx)

} +

| +2bx (a+bx)2CoshIntegr‘al[dx] (-3bCosh[c] +adSinh[c]) +

a* d?x Cosh|c - ?} CoshIntegral| | +2a*bd?*x*Cosh|c - ?] CoshIntegral|

d b
a?b?d?x? Cosh|[c - ?} CoshIntegral| M

d(a+bx) d(a+bx) ad

4a*bdxCoshIntegral | | sinh[c- %] +8a?b?d x? CoshIntegral | | sinh|c- T} +
d(a+bx)

ad
4 a b’ d x? CoshIntegral | | sinh[c- —] -a’bdxSinh[c+dx] -a?’b?>dx?Sinh[c+dx] +2a’bdxCosh[c] SinhIntegral[dx] +
b

4 a’b%d x? Cosh[c] SinhIntegral[dx] +2ab®dx3 Cosh[c] SinhIntegral[dx] - 6a?b?xSinh[c] SinhIntegral([dx] -

|+

ad a
12 ab®x? Sinh[c] SinhIntegral[dx] - 6 b* x*>Sinh[c] SinhIntegral[dx] +6a®b®xSinh[c - —| SinhIntegralld (f +X
b b

12 ab?x?Sinh|c - ?} SinhIntegral|d (i +x|] +6b*x*>Sinh|c - %] SinhIntegral|d (erx |+

d b d b

42’ bdXCOSh{C - ?] SinhIntegr‘al{(a;X)] +8a%b?dx? Cosh[c - ?] SinhIntegr\al[M} .
b
d(a+bx> d(a+bx>

] +

d (a+bx)

4ab?dx3 Cosh|c- %] SinhIntegral| | +a*d?x Sinh[c - %] SinhIntegral|

d (a+bx)

2a’bd*x*Sinh|[c - ?] SinhIntegral| | +a?b?d*x*sinh|c - ?] SinhIntegral| ]

Problem 57: Result unnecessarily involves imaginary or complex numbers.

x4 Cosh[c +dXx]
J—dlx

a+bx?

} +

| 23
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Optimal (type 4, 273 leaves, 14 steps):

(-a)3/2Cosh|c+ @] CoshIntegr‘al[@ -dx] (-a)¥2cCosh[c- @} CoshIntegr‘al[@ +dx]
Vb Vb Vb

72xCosh[c+dx]+ - Vb +2$inh[c+dx}7

bdz 2b5/2 2b5/2 bd3

_ 3/2 ¢4 v-ad . V-ad _ 3/2 ¢4 _V-ad . v-ad
asinhcsdx] x2Sinh[c+dx] (-a)32sinh|c+ . | sinhIntegral]| v dx] (-a)*2sinh|c . | sinhIntegral]| e +dx|
N _ _

b2d bd 2 b2 2 b>/2

Result (type 4, 274 leaves):

1 d
_ 74b3/2dxCosh[c+dx]+1’1a3/2d3Cosh[cf]l | cosIntegral|- +idx] -
2b5/2d3 \/F \/F
i+va d ad
ia3/2d3Cosh[c+]H/— ]CosIntegr‘al[r +idx] +4b*>2sinh[c+dx] -2a+b d?Sinh[c+dx] +2b*?d?x?Sinh[c+dx] -
Vb Vb
iva d \a d iva d

a*?d*sinh|c - | sinIntegral| -idx] -a*2d®Sinh[c+ | sinIntegral|

Vb Vb Vb Vb

+J'ldx]

Problem 58: Result unnecessarily involves imaginary or complex numbers.

x3 Cosh[c +dx]
J— dx

a+bx?

Optimal (type 4, 209 leaves, 12 steps):

aCosh[c+ @} CoshIntegral| Jead g x| acCosh|c- @] CoshIntegral| Jad g x|
Vb Vb Vb

_Cosh[c+dx}_ B Vb .

b d? 2b? 2 b?

asSinh|c+ @} SinhIntegral| Jad g x| aSinh[c- @] SinhIntegral| Jad g x|
. I I i I G
bd 2 b2 2 b2

x Sinh[c +dX]

Result (type 4, 210leaves):

i d d i d d
- 2bCosh[c+dx] +ad?Cosh[c- ivVa | CosIntegral |- Va +idx]| +ad?Cosh[c+ iva ] CosIntegr‘al[\/? +idx] -
2b*d? b Vb b b
iva d ad iva d ad
2bdeinh[c+dx}+]‘Lad25inh[c71r }SinIntegr‘al[r 7jdx]fjad25inh[c+l\ﬁ }SinIntegr‘al[r +1idx]|

Vb Vo Vb Vb



Problem 59: Result unnecessarily involves imaginary or complex numbers.

x2 Cosh[c +dx]
j— dx

a+bx?

Optimal (type 4, 226 leaves, 11 steps):

V-ad V-ad V-ad V-ad
\/-a Cosh[c+ \% | CoshIntegral| & -dx] ) \/-a Cosh|c- WZ | CoshIntegral| f? +dx] )
232 5 p3/2
Sinh[c+dx] \V-a Slnh[c+ fF }SlnhIntegr‘al[ & —dx] 7 V-a Slnh[c— v% } SlnhIntegr‘al[ & +dx}
bd 2 b3/2 2b3/2
Result (type 4, 213 leaves):
1 ' d d i d
~i+/a dCosh[c- iva | CosIntegral|- +idx]|+i+a dCosh|[c+ iVa | CosIntegral|
2b3/2 \/F \/F \/F
' d d ' d
Zx/FSinh[c +dx] + \/?dsinh[c 2 Va ] SinIntegr‘al[\/—ai -1 dx} + \/?dsinh[c + iVa ] SinIntegr‘al[
Vb ) Vb

Problem 60: Result unnecessarily involves imaginary or complex numbers.

x Cosh[c +d X]
J—dlx

a+bx?

Optimal (type 4, 177 leaves, 8 steps):
Cosh[c+ @] CoshIntegral| Jad gy x|
Vb Vb

2b
Sinh[c+ @} SinhIntegral| Yad g x|
Vo Jo

+

2b

Result (type 4, 171 leaves):

ivVa d Vad
Cosh[c _rva ] CosIntegr‘al[— 2
2b Vb Vb
ivVa d Vad
i |Sinh[c - = | sinIntegral|
Vb Vb

Cosh[c - @} CoshIntegr‘al[@ +d x]
Vb Vb
2b
Sinh|c- @] SinhIntegr‘al[@ +dx]
+ b Vb
2b
+J’1dx} +Cosh[c+ j\/?d] CosIntegr‘al[\/;d +]'ldX} +
Vb Vb
-idx]| -Sinh[c+ jﬁd] SinIntegr‘al[\Ed +idx})
Vb Vb

6.2 Hyperbolic cosine.nb | 25
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Problem 61: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dXx]

a+bx?
Optimal (type 4, 213 leaves, 8 steps):

Cosh|c+ @] CoshIntegral| Jead g x| Cosh[c- @} CoshIntegral| Yead g x|
Vb Vb b Vb

2v/-a Vb 2+/-a b
Sinh|c+ D} SinhIntegral| Yad g x| Sinh[c- @] SinhIntegral| Jad g x|
I I . b I
2+/-a /b 2+/-a /b
Result (type 4, 180 leaves):
i d d
————1 [Cosh[c- iva | CosIntegral|- +1dx]| - Cosh|[c+ = | CosIntegral| +idx] +
2+v/a Vb Vb Vb Vb Vb
i d d i d
i [Sinh|[c- iVa ] SinIntegral[ra——idx] +Sinh|[c+ iVa | sinIntegral| +idx|
Vb Vb Vb )

Problem 62: Result unnecessarily involves imaginary or complex numbers.
JCosh[c+dx}

X (a+bx2)

dx

Optimal (type 4, 197 leaves, 13 steps):

Cosh|[c+ @} CoshIntegral| % -dx] Cosh|c- @] CoshIntegral| % +dx]

Cosh[c] CoshIntegral[d x] NCY b
- - +
a 2a 2a
. A-a d . V-ad . _iJ-ad . V-a d
Sinh[c] SinhIntegral [dx] Sinh[c + v | sinhIntegral]| v dx] Sinh[c v | sinhIntegral] v +dx]
. _
a 2a 2a

Result (type 4, 187 leaves):

1 i+va d ad ivad ad
- —|-2Cosh[c] CoshIntegral[dx] +Cosh|[c - iva | CosIntegral|- Va +idx]| +Cosh|c+ iva | CosIntegral| Va +idx] -
2a Vb Vb Vb Vb
ivad ad a ad
2Sinh[c] SinhIntegral(dx] + i Sinh[c - iva | sinIntegral| Va -idx]| -1iSinh[c+ iva | sinIntegral| Va +idx|

Vb Vb Vb Vb
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Problem 63: Result unnecessarily involves imaginary or complex numbers.
JCosh[c+dx}

x2 (a+bx2>

dx

Optimal (type 4, 249 leaves, 14 steps):

N [ad Ea Ne=v)
Coshic + dx] /b Cosh|c + N | CoshIntegral| = dx] /b Cosh[c . | CoshIntegral| = +dx] d CoshIntegral [d x] Sinh[c]
- + - + +
ax 2 (-a)3/? 2 (-a)3? a

d Cosh[c] SinhIntegral [dx] Vb sinh[c+ e | sinhIntegral| v d x| ) Vb sinh|c v | sinhIntegral| e +dx|
a 2 (-a)3? 2 (-a)3?

Result (type 4, 243 leaves):

1 ivad
-2+/a Cosh[c+dx] -i+b xCosh|c- = | CosIntegral|-
2a3/2X ,T) ﬁb

ivad Va d

+]'1dX]+

i /b xCosh [c + ] CosIntegr‘al[

+J'1dx} +2+/a dxCoshIntegral[dx] Sinh[c] +2+/a dxCosh[c] SinhIntegral[dx] +

<

Vb
i d i d
iva ] SinIntegral [ Va -1id x] ++/b xSinh [c + iva ] SinIntegr‘al[
Vb Vb Vb Vb

a

\mxsinh[c -

+J'ldx}

Problem 64: Result unnecessarily involves imaginary or complex numbers.
JCosh[c+dx}

x3 (a +b x2>
Optimal (type 4, 270 leaves, 18 steps):

V-ad V-ad
Cosh[c+dx] bCosh[c] CoshIntegral[dx] d?Cosh[c] CoshIntegral[dx] b Cosh [c i } CoshIntegr*al[ Vb d X]
- - +

+ Vb +
2 a x? a2 2a 2 a2
_ v-ad V-ad
bCosh[c - 2] CoshIntegral[* 2% +dx] ygitnic.dx] bsinh[c] SinhIntegral[dx]
- - +
2 a2 2ax a?

d? Sinh[c] SinhIntegral [dx] bSinh[c+ : | sinhIntegral| - -dx] bsSinh[c- | sinhIntegral| v +dx]

aH

- +
2a 2 a2 2 a2

Result (type 4, 257 leaves):
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i d ad
~aCosh[c+dx] - (2b-ad?) x* Cosh[c] CoshIntegral[dx] +bx*Cosh|[c - = | CosIntegrall- Va +idx]+
2a%x? Vb Vb
ivad d
b x? Cosh|[c+ iva | CosIntegral] +idx] -adxSinh[c+dx] -2bx?Sinh[c] SinhIntegral([dx] +ad?x?Sinh[c] SinhIntegral(dx] +
Vb Vb
iva d iva d

} SinIntegral [ @ -id x] -1ibx?Sinh [c + ] SinIntegral [

Vb Vb Vb Vb

jbxzsinh[c— +J'1dx]

Problem 65: Result unnecessarily involves imaginary or complex numbers.

x4 Cosh[c +dx]
J—dlx

(a + bxz)2
Optimal (type 4, 449 leaves, 24 steps):
xCosh[c+dx] x*Coshicidx] 3V-2 Cosh|c + @} CoshIntegr‘al[% -dx] 3+/-a Cosh|c- @} CoshIntegr‘al[% +dx]
N _

— b W
2 b? 2b <a+bx2) 4 b>/2 4 bp5/2

adCoshIntegral[%erx} Sinh[c - @] adCoshIntegr‘al[% -dx] sinh|[c+ %] Sinh(c+dx]
.

4 b3 4 b3 b2 d
adCosh[c+ ¥-24] SinhIntegr‘al{% -dx| ) 3+/-a Sinh[c+ %] SinhIntegr‘al{% -dx|

+

4 b3 4 b5/2
adCosh|[c - ¥21] SinhIntegr‘al[% +dx] ) 3+/-a sinh|c- %] SinhIntegr‘al[% +dx]

B P

4 b3 4 b5/2

Result (type 4, 621 leaves):



2 Cosh[d x]
4 b2
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axCosh[c] ZSinh[c1]
+ +
a+bx? d

2 Cosh[c] +aXSlnh[c])Sinh[dx] 1 3i+/a Cosh[c] Cos[\/?d]CosIntegr'al[— d+1‘1dx] -
d a+bx? Vb Vb NS
Cos| d | CosIntegral| +idx] +Sin| d | |sinIntegral] @ - idx] - SinIntegral| Va d +idx] ||+
Vb Vb Vb Vb Vb
1JiadCosh[c] CosIntegr‘al[—\/?dHidx} Sin| a d}—CosIntegr‘al[\/;dHidx} Sin[\/;d}+
: b b /b /b
Cos [ Va d ] -SinIntegral [ Va d -id x} + SinIntegr‘al[ +1d x]
Vb Vb Vb
i3\/?Sinh[c] CosIntegr‘al[f\/;CI +idx| Sin[\/;d] +CosIntegral[\/?d +idx]sin| d] -
Vo Vb Vb Vb Vb
Cos | Va d | |sinIntegral] @ -idx]| +SinIntegral] Va d +1dx]| ] -
Vb Vb Vb
ladSinh[c] Cos| d} CosIntegral|- d +idx]| +Cos[\/?d] CosIntegral| +idx]+
: /b /b Vb /b
Sin| d] SinIntegr‘al[@— idx| JrSinIntegr‘al[\/?d + jdx}J
Vb Vb Vb

Problem 66: Result unnecessarily involves imaginary or complex numbers.
Jx3 Cosh[c +dx]

dx
(a+bx2)2

Optimal (type 4, 431 leaves, 20 steps):
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Cosh|c+ @] CoshIntegral| % -dx| Cosh|c- @} CoshIntegral| % +dx]|

Cosh[c+dx] x%Cosh[c+dx] b Vb
- + +
2 b2 2b (a+bx?) 2 b? 2 b?
\-a dCoshIntegr‘al[@ +dx] sinh|c - @} \-a dCoshIntegr‘al[@ -dx] sinh[c+ @]
Vb b . Vb b -
4b°/2 4b>/2

/-a dCosh|c+ %] SinhIntegral| % -dx]| Sinh[c+ 29| sinhIntegral| % -dx|

416572 22
V-a dCosh|c- %] SinhIntegral| 3% +dx| Sinh[c- *=24] sinhIntegral| —\% +dx]

+

4b5/2 2 b2

Pl

Result (type 4, 582 leaves):

- r 2a+/b Cosh[c+dx] + (a+bx?) CosIn‘cegr‘al[f\/?(j +idx| [2+b Cosh[c- j\/?d} ~i+/a dsinh[c-
402 (a+bx?) N b
<a+bx2)CosIntegr‘a1[ d+]ldx] Zx/FCosh[c+j\/?d]+Ji\/;dsinh[c+j\/;d] +
Vb Vb Vb
a*?dCosh|c - jﬁd} SinIntegr‘al[@fjdx] ++/a bdx?Cosh|c - j\/?d] SinIntegr‘al[ﬂfidx} +
Vb Vb Vb Vo
ZJ'La\/FSinh[c—]IH/?d]SinIntegr‘al[\/?d—Jidx}+2j1b3/2x251nh[c—jl\/?d}SinIntegral[@_jdx]+
Vb Vb Vb Vb
a3/2dCosh[c+j\/;d}SinIntegr‘al[ d+j1dx]+\/;bdx2Cosh[c+jﬁd]sinlntegral[ +idx] -
Vb Vb Vb )
ZJia\/FSinh[CJrjl\/?d]sinlntegr‘al[ +Jidx}—Zib3/2x2$inh[c+j\/?d}sinIntegr'al[\/?d+idx]
Vb Vb Vb Vb

Problem 67: Result unnecessarily involves imaginary or complex numbers.

x% Cosh[c +dx]
J— dx

(a+bx2)2

Optimal (type 4, 416 leaves, 17 steps):

ivad
Vb

1|+
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Cosh|[c+ @} CoshIntegral| —\% -dx] Cosh|c- @] CoshIntegral| % +dx]

x Cosh[c +dx] b Vb
- + - +
2b (a+bx?) 4~/—a b32 4~/—a b32
dCoshIntegr‘al[@ +dx] sinh|c - @] dCoshIntegr‘al[@ -dx] sinh|[c+ @} d Cosh[c + @] SinhIntegral[@ -dx]
Vb w1 /b s ) b I i
4 b? 4 b? 4 b?
Sinh[c+ @} SinhIntegral[@ -dx] dCosh[c- @] SinhIntegr‘al[@ +dx] sinh|c- @} SinhIntegr‘al[@ +dx]
I IS . I I ) G I
4~/-a b3/2 4 b? 4~/-a b3/
Result (type 4, 364 leaves):
1 —2\/?bXCosh[c+dx]+(a+bx2)CosIntegr‘al[— +J'1dx] j\/FCosh[c—j\/;d]+\Edsinh[c—j\gd} n
4+/a b2 (a+bx?) b Vb b
<a+bx2)CosIntegr'al[ d+idx] —Ji\/?Cosh[c+j\/?d}+ﬁdsinh[c+jﬁd]]+
Vb Vb Vb
(a+bx?) Ji\/?dCosh{c— i\/?d] —\/Fsinh[c— i\/;d} SinIntegr‘al[@—jdx} -
Vb Vb Vb
(a+bx?) |i+a dCosh[c+ j\/?d] +/b Sinh[c+ jﬁd}} SinIntegral| d +jdx}J
Vb Vb Vb

Problem 68: Result unnecessarily involves imaginary or complex numbers.

dx

jx Cosh[c +dx]
(a +b Xz) 2
Optimal (type 4, 239 leaves, 9steps):

d CoshIntegral | % +dx] sinh|c- %} d CoshIntegral | % ~dx| sinh[c+ 24|

Cosh[c +dx] Vb
_ _ . _
2b (a+bx?) 4~/—a b3/2 4~/—a b3/2
dCosh|[c+ @} SinhIntegr‘al{@ -dx| dCosh[c- @] SinhIntegr‘al[@ +dx]
b G . I IS
4+/-a b3? 4+ -a b3?

Result (type 4, 239 leaves):
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1
4+/a b¥? (a+bx?)

i

Va d +idx]| sinh|c- jﬁd] -d (a+bx?) CosIntegral| +1idx]| Sinh[c+ iad
Vb Vo ) Vb

! \/?d} SinIntegr‘al[@— idx]+d (a+bx?) Cosh[c+ ! \/?d] SinIntegral|
7o 7o 75 76

d (a+bx?) CosIntegral|-

. [Zx/a_\/F

Cosh[c+dx] +d (a+bx?) Cosh[c- +1dx]

Problem 69: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dx]

(a+bx2>2

Optimal (type 4, 476 leaves, 18 steps):

N =l Sad N
Cosh(c + dx] Cosh(c + dx] Cosh[c+ = | CoshIntegral| "= dx| Cosh|c = | CoshIntegral| = +dx]
_ N _ N _
4a\m(\/:fﬁx) 4a\/F(\/:+ bx) 4 (-a)¥2+b 4 (-a)32+b
d CoshIntegr‘al[@ +dx] Sinh[c - @] d CoshIntegr‘al[@ -dx] Sinh[c+ @} dCosh|[c+ @] SinhIntegr‘al{@ -dx|
Vo b Vo b L, b Vo .
4ab 4ab 4ab

Sinh[c+ @} SinhIntegral| Jead g x| dCosh|c- @] SinhIntegral| Yead g x| Sinh[c- @} SinhIntegral| Yead g x|
b Vb Vb Vb Vb Vb

- +

4 (-a)¥2/b 4ab 4 (-a)¥2\b

Result (type 4, 590 leaves):
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1
4a32p (a+bx2)

2\/a_beosh[c+dx]—(a+bx2)CosIntegr‘a1[— +idx| —Jl\/FCosh[c—i\/;d]+\/?dsinh[c—j\/?d] -

Vb Vb Vb
(a+bx?) CosIntegral| d+idx] ]'l\/FCOSh[C-%—j\/?d]+\/?d5j.nh{c+i\/?d] -
Vb Vb Vo

ia®2dCosh[c- jﬁd} SinIntegr‘al[@—idx] ~i+/a bdx?Cosh|[c- jﬁd} SinIntegr‘al[@—jdx] -

Vb Vb Vb Vb
aV/b Sinh[c- j\/;d] SinIntegral| —— - idx| - b¥2x?Sinh|c - j\/?d] SinIntegral[@—jdx] +
ia3/2dCosh[c+j\/?d}sinlntegr‘al[\/?d+idx]+Ji\/?bdx2Cosh[c+jﬁd}sinlntegr‘al[ +idx] -

Vb Vb Vb Vb
aV/b sinh[c+ i\/?d] SinIntegr‘al[\/a_cI +idx| -b¥2x2Sinh[c+ i\/?d] SinIntegral| d +1dx]

Vb Vo Vb Vo

Problem 70: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh[Cerx} 4

X (a+bx2)2

X

Optimal (type 4, 435 leaves, 22 steps):

V-ad V-ad

Cosh[c+dx] Cosh[c] CoshIntegral[d x] Cosh [C - Vb ] CoshIntegr'al[ N d X}

. _ _
2a(a+bx2) a2 2 a2
Cosh|c - @} CoshIntegral| Jyad, g x| dCoshIntegral] Jad g x| Sinh[c - @}

Vb b . b w
2 a2 4 (*3)3/2\5
V-ad . v-ad V-ad . V-ad
d CoshIntegral | o dx] Sinh[c+ e ] sinh (c] SinhIntegral(dx] 9Cosh [c+ v | sinhIntegral]| v dx]
+ - +
4 (-a)*2+/b a? 4 (-a)32/b

Vb Vb
2a2 4<_a>3/2,\/F 2a2

Result (type 4, 2464 leaves):

Sinh|c+ @} SinhIntegral| % -dx] dCosh[c- @] SinhIntegral| 3% +dx] sinh[c- %} SinhIntegral| 3% +dx]
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s iva . vad vad . iva
. SinhIntegral [d x] i CoshIntegral|d ( = +x)} Sin| = | +Cos | = | sinhIntegral|d ( e +x)]
inn|cC - —
a? 232
d Cos{ﬁd} CoshIntegr‘al{d [ﬁﬁm }—i Sin[\/:—d] SinhIntegr‘al{d ifa +X }
i/b |- —Sinhldx] [o [o b b
ﬂ\/?\ﬁﬂ!}X b
+
4 a3/2
~i CoshIntegral|- £¥24 , dx| Sin[@] + Cos[@] SinhIntegr‘al{@ -~ dx]
Vb Vb Vb Vb .
2a?
d Cos{\/?d} CoshIntegr‘al{d [—‘ﬁm }71'1 Sin{Va d} SinhIntegr‘al{ﬂfd x]
i \/F ___Sinh[dx] b [ b b
-1 \/?\/FerX b
+
4 33/2
d|-i CoshIntegr‘al[d [n\/? +X } Sin{\/?d}mos{\/?d} SinhIntegr‘al{d [B\/?er]}]
i \/F _ Cosh[d x] " b b b [o
iva /b +bx b
CoshIntegral[d x]
Cosh[c] -
a? 4 33/2
Cos| @} CoshIntegral |- ivad g x| -1isin] @] SinhIntegral| ivad g4 x|
Vb Vb Vb Vb N
2a?
d|-i CoshIntegral[d [7£+x]] Sin[VEd%Cos[ J:d] SinhIntegral[@fd x}
1 \/F _ __Coshldx] B o b o [6
-1 \/?\/F+bx b

4 33/2
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Cos| @} CoshIntegral| iJad g x| -1iSin] @] SinhIntegral| ivad g x|
Vb Vb Vb Vb

2 a2

-1 CoshIntegral [d (55 +X
Vb

} Sin[@} +Cos[@] SinhIntegr‘al[d (L«E+X
Vb Vb e

SinhIntegral[d x]

-Cosh[c] - -
a? 2 a2
d Cos{\/a—d} CoshIntegr‘al{d [ﬁm }—1'1 Sin{x/a d} SinhIntegr‘al[d [“/a +X }
i \/F _ _Sinh[dx] b o o =
iva Vb +bx b
+
4 33/2
- i CoshIntegral[-+Y24  dx] sin[¥22] ; cos[Y24] sinhIntegral| {29 _qx]
V& /5 Vb i .
2a?
d (Cos[m} CoshIntegr‘al{d —”/j +X ]—1’1 Sin{\/a d} SinhIntegral{“V/a d_q x}
i \/F _ __Sinh[dx] b . - o
-i~/a /b +bx b
4 33/2 B

d|-i COShI”ngf‘al[d WE+X]} Sin{\/?d%Cos[VEd} SinhIntegral{d ["‘VT +X }
i W _ _Coshfdx] Y [o . -
i\/?\/F+bX b

. CoshIntegral(d x]
Sinh[c] - )
a? 4332
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Cos[¥24] coshintegral - +Y2¢ . dx] - i sin[¥2%] SinhIntegral[ 24 _dx]
Vb Vb Vb Vb .
2a2
d (—1‘1 CoshIntegr‘al{d [—”: +X } Sin[@]mos{\/id} SinhIntegral{ﬂ_d x}
. /b _ Cosh[d x] B [o IS I o
1
-i+va /b +bx b

4a3/2

Cos| @] CoshIntegral| ifad g x| - isin| @} SinhIntegral| ivad g x]
Vb b N Vb

2 a2

- i CoshIntegral|d (ME +X
\b

] Sin[l@] +C05[@] SinhIntegral[d (b@ X
Vb NCY =

1 SinhIntegral [d x]
— |Cosh[c]
2 32 2 aZ
d Cos{\/?d} CoshIntegr‘al{d []WT +x] } -i Sin{\‘Ed} SinhIntegral[d [”:
i/b |_ —Sinhldx] [o [o I I
iva /b +bx b
"
4 a3/2
-1 CoshIntegral [— ivad, 4 x} Sin [ @} + Cos [ @] SinhIntegral [ ivad g4 x]
Vb Vb Vb Vb .
2 a2
d (COS[JET CoshIntegral [d e, |- Sin[\/?d} SinhIntegral| 2% ad g x|
i+/b |- —Sinhdx] [0 [0 [b [o
-i+va b +bx b
+

4 a3/2
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d *ﬁCOShIntEEV‘al{d [BJ:er } Sin{\/?d}wos{\/?d} SinhIntegr‘al{d [i\/?+x

i \/F _ _Cosh[dx] b b b b
iva /b +bx b

. CoshIntegral[d x]

Sinh[c] _ )

a2 4 33/2

}

Cos @] CoshIntegral |- ivad, g x| - 1isin] @] SinhIntegral| ivad g x|
Vb \b Vb Vb

+
2 a2

d [—1‘1 CoshIntegral [d [7%”{

. Cosh[dx] b
1vVb |- -
\/7 -iva Vb +bx b

Sin Ja o +Cos s a SinhIntegral @—dx
J sin[ =] cos [ ] [ 24

4 a3/2

Cos| @] CoshIntegral| iJad g x| -iSin] 3@] SinhIntegral| iJad, g4 x|
Vb Vb NS Vb

2 a2

Problem 71: Result unnecessarily involves imaginary or complex numbers.

dx

[Coshiz2dx)

x2 <a+bx2)2

Optimal (type 4, 500 leaves, 32 steps):
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V-ad J-ad
Cosh[c+dx] /b Cosh[c+dx] \/b Cosh[c+dx] 3/b Cosh[c+ 5 | CoshIntegral| Ny - dx]
- + - - +
a? x 432 (\/—a —\/Fx) 432 (\/—a +\/Fx) 4 (-a)>/?
3/b Cosh|c v | CoshIntegral| v +dx] d CoshIntegral [d x] Sinh[c] d CoshIntegral | v +dx] sinh|c = ]
+ + +

4 (-a)°/? a? 4 32

d CoshIntegral | JYad g x| Sinh[c + y-ad

V-ad . yV-ad
e ] dCosh[c] SinhIntegral(dx] @ Cosh|c + | sinhIntegral] v d x|
N

/b i /b .
4 32 a? 4 a2
3+/b Sinh[c+ @} SinhIntegr‘al{@ -dx| dCosh[c- @] SinhIntegr‘al[@ +dx] 3+/b Sinh|[c- @} SinhIntegr‘al[@ +dx|
Vb Vb . Vb Vb . Vb Vb
4 (~a)52 4 32 4 (-a)>/?

Result (type 4, 675leaves):
1

4352 x <a+bx2)

~4a%*2Cosh[c+dx] -6+a bx?Cosh[c+dx] +4a32?dxCoshIntegral[dx] Sinh[c] +

i+va d ivad
4+/a bdx?CoshIntegral[dx] Sinh[c] +x (a+bx?) CosIntegrall- +idx] [-31+b Cosh[c- iva | +Va dsinh[c- iva 11+
Vb Vb Vo
d i d ' d
x(a+bx2)CosIntegr‘al[ +J‘1dx] Bj\mCosh[CJrl\g }+\/?d$inh[c+l\/? ]]+
Vb Vb Vb

4a%*2dxCosh[c] SinhIntegral[dx] +4+/a bdx3Cosh[c] SinhIntegral[dx] +

ivVa d ad i d ad
ia3/2dxCosh{c—1\/— ]SinIn‘cegr‘al[\/_i—Jidx]+J'1\/?bdx3Cosh[c—]l }SinIntegr‘al[\/_ —idx]+

) Vb Vb Vo

' d d i d d
3a+/b xSinh|[c - iva ] SinIntegr‘al[\/—ai—jdx} +3b*2x3sinh|c- ivVa ] SinIntegral[ﬂ—jdx] -

Vb Vb Vb Vb

i d d i d
ia®2dxCosh|c+ iva | sinIntegral| +idx]-i+a bdx®Cosh[c+ iva | sinIntegral| +idx] +

Vb Vb Vb Vb

' d i d
3a+/b xSinh|[c+ iva | sinIntegral| +1idx] +3b%2x*sinh[c+ iva | sinIntegral] +1idx]

Vb Vb Vb Vb

Problem 72: Result unnecessarily involves imaginary or complex numbers.

x3 Cosh[c +dx]
J—dlx

<a+bx2)3

Optimal (type 4, 476 leaves, 27 steps):
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d? Cosh|[c + @} CoshIntegral| Jead g x| d?Cosh|c- @] CoshIntegral| 3% +dx|

x? Cosh[c+dx] Cosh[c+dx] b Vb b
- - + +
4b(a+bx2)2 4b% (a+bx?) 16 b3 16 b3
3d CoshIntegr‘al[@ +dx] sinh[c- @] 3d CoshIntegr‘al[@ -dx] sinh|[c+ @]
G o I o
16 -a b>/? 16 -a b>/?
. 3dCosh|[c+ =24 sinhIntegral[ 24 —dx] d?sinh[c+ *-2¢] sinhIntegral| 24 _dx]
dxSinh[c+dX] b NCY Nry Vb
8b? (a+bx?) 16/ —a b5/2 16 b3
3dCosh[c- Y-2¢] sinhIntegral[ 24+ dx]| d2sinh[c- *-24] sinhIntegral|-2¢ ;dx]
b /o . G G
16A/_a b5/2 16b3

Result (type 4, 648 leaves):

1 2Cosh[dx] (2 (a+2bx?) Cosh[c] +dx (a+bx?) Sinh[c])
16 b2 (a+bx2)2
2 (d b x2) Cosh 2 2 bx?) Sinh Sinh[d
(dx (a+bx?) Coshic] +2 [a+2bx?) sinh(c]) Sinh(dX] + = 3idSinh[c] |Cos| d] CosIntegr‘al[—\/?d
(a+bx?)? a Vb b b
d . . dq (. Vad . .
Cos | | CosIntegral| +idx] +Sin| | |sinIntegral| —— -idx]| - SinIntegral| +1idx]|
7o e 7o 7o 7o
li d?sinh[c] (Coslntegr‘al[— Va d +idx] sin| d] —CosIntegr‘al[\/?d +idx]| Sin[\/?d} +
: b Vb b /b
Cos | Va d | | -SinIntegral] Va d -idx] +SinIntegral]| +idx] ||+
Vb Vb Vb
3dCosh[c] |CosIntegrall- Va d +idx]| sin] d] + CosIntegral | d +idx]| sin] d] -
Va Vb Vb Vb Vb Vb
Cos[\/?d] SinIntegral[@ —idx] + SinIntegr‘al[\/;d +1 dx}] +
/b /b /b
ld2 Cosh[c] |Cos| d] CosIntegral|- +1dx] +Cos[ﬁd] CosIntegral| +idx] +
Sin| ﬁd] SinIntegr‘al[@ -idx] +SinIntegral] Va d +id x}]
/b /b /b

+J'de}—
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Problem 73: Result unnecessarily involves imaginary or complex numbers.

x2 Cosh[c +dx]
j— dx

<a+bx2)3

Optimal (type 4, 746 leaves, 28 steps):

Cosh[c + @] CoshIntegral| Jad g x|
Vb Vb

Cosh[c +dx] Cosh[c+dx] x Cosh[c +dXx]
- + - - +
16 3 b3/2 (\/___\/FX) 16 3 b3/2 (\/:+\/Fx> 4b (a+bx2)2 16 (-a)3/2p3/2
d2 Cosh[c + @] CoshIntegr‘al[@ -dx] Cosh|c- @} CoshIntegr‘al[@ +dx| d2Cosh[c- @] CoshIntegr‘al[@ +dx]
I G . G G i G b i
16/-a b%/2 16 (-a)?/2 b2 16/-a b%/2
d CoshIntegr‘al[@ +dx] Sinh|c - @] d CoshIntegral | Vead g x| Sinh[c+ @} .
Vb Vb Vb b dSinh[c +dX]
16 a b? 16 a b2 8b? (a+bx?)
d Cosh[c + @] SinhIntegr‘al[@ -dx] Sinh[c+ @] SinhIntegr‘al[@ -dx] d?Sinh[c+ @] SinhIntegr‘al[@ -dx]
Vo 7o X Vo Vo i Vo Vo i
16 a b? 16 (-a)3/2b3/2 16/ —a b5/2
d Cosh [c - @] SinhIntegr‘al[@ +d x] Sinh [c - @] SinhIntegr‘al[@ +d x} d? Sinh [c - @] SinhIntegr‘al[@ +d x]
b Vb N b Vb ~ Vb Vb
16 a b? 16 (-a)3/2b3/2 16 +/_a b5/2

Result (type 4, 932 leaves):
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16 23/2 b2 <a+bx2)2 (a+bx2)2 <a+bx2)2

1 2a32bxCosh[c] Cosh[dx] 2+/a b2x3Cosh[c] Cosh[dx] 2a%2dCosh[dx] Sinh[c]
+

. a d . 2 iva d . . ivad
22%2bdx? Coshdx] Sinh[c] JLCosIntegr‘aIPLMF +idx] [ (b+ad?) Cosh|c- LW | +i+va Vb dsinh|c- = })
. _

(a+bx2>2 Vo
(b+ad?) cosh[c+ +¥ed] —i+/a /b dsinh[c. +ed

. ad .
JLCosIntegr‘al[LvF +idx] = ]) 2252 d Cosh[c] Sinh[d x]

Vb <a+bx2)2
2a%2bdx2Cosh[c] Sinh[dx] 2a¥2bxSinh[c]Sinh[dx] 2+/a b2x3Sinh[c] Sinh[d x]
_ . _
(a+bx2>2 (a+bx2)2 (a+bx2)2

Ji\/?dCos[\/?d} Cosh[c] SinIntegral[@—jdx] +j\mCosh[c] Sin[\/?d] SinIn’cegr‘al[\Ed
Vb Vb Vb Vb

i ad?Cosh[c] Sin[@} SinIntegr‘al[@ -idx|
Vb Vb

7]'LdX]+

—WCos[ﬁd] Sinh[c] SinIntegr‘al[@— idx| -

Vb Vb Vb

ad? Cos[@} Sinh[c] SinIntegral{@— idx|
d d
Vb Vb —\/?dsin[\/? | sinh[c] SinIntegr‘al[\/—ai—jdx] +
Vb Vb Vb
d d d
i \/?dCos[\/? | Cosh[c] SinIntegral| +idx]| -1i+/b Cosh[c] Sin| | sinIntegral| +idx] -
Vb Vb Vb Vb
i ad?Cosh[c] Sin[@} SinIntegr‘al[mJr Jldx]
d d
Vb Vb 7\/FCOS[\/; ] Sinh[c] SinIntegr‘al[ Va + Jidx] -
Vb Vb Vb
ad? Cos[@} Sinh[c] SinIntegr‘al[@ +idx|
d d
Vb Vb —\/?dsin[\/? | sinh[c] SinIntegr‘al[\/? +idx|
Vb Vb Vb

Problem 74: Result unnecessarily involves imaginary or complex numbers.

dx

JxCosh[c +dXx]

(a+bx2)3

Optimal (type 4, 512 leaves, 19 steps):
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d? Cosh|[c + @} CoshIntegral| Yead g x| d?Cosh|c- @] CoshIntegral| Jead g x|
B Cosh[c +dx] b Vb Vb Vb

- - +

4b<a+bx2)2 16 a b? 16 a b?

d CoshIntegral | 3% +dx] Sinh[c- %] d CoshIntegral| % -dx] sinh|[c+ E*i; a dsinh[c+dx]

- +
16 (-a)3/2p3/2 16 (-a)3/2p3/2 16 a b3/2 (\/—a —Wx)

dCosh[c + @} SinhIntegral| % -dx] d*sinh[c+ @} SinhIntegral| % -dx]

dSinh[c +dx] Vb Vb
+ + +

16 a b3/2 (x/—a +\/Fx) 16 (-a)3/2b3/? 16 a b2

d Cosh|c - @} SinhIntegral| Jead g x| d?Sinh[c- @} SinhIntegral| Yead g x|
Vb Vb b Vb

16 (-a)3/2b3/2 16 a b?

Result (type 4, 637 leaves):

1 2Cosh[dx] (-2aCosh[c] +dx (a+bx?) Sinh[c])
.
l6ab (a+bx2)2
2 (d b x2) Cosh -2aSinh Sinh[d
(dx (a+bx?) Coshc] ~2asinh(c]) Sinh[dx] + ! idSinh[c] |Cos| d]CosIntegr‘al[—\/;dHidx]—
(a+bx?)? Va /b Vb Vb
Cos| d] CosIntegr‘al[\/?d +idx] +Sin| d} SinIntegr‘al[@ -idx| —SinIntegr‘al[\/?d +idx] ||+

Vb ) Vb Vb Vb

11‘1 d? Sinh[c] (CosIntegr‘al[ Va d +idx]| sin] d] 7CosIntegr‘al[\/?d +1idx] Sin[\/?d} +

0 b Vb b b

Cos[@] —SinIn’cegr‘al[\Ed —jdx} +SinIntegr‘al[ +Jidx] +

Vb Vb Vb
dCosh[c] |CosIntegral|- Va d +idx]| sin] d] + CosIntegral | +idx]| sin| d] -

Va Vb Vb Vb Vb Vb

Cos | d] SinIntegr‘al{@— idx] JrSinIntegr‘al[\/?d + jdx}) -

Vb Vb Vo

ld2 Cosh[c] [Cos| d] CosIntegral|- +idx] +Cos[\/?d] CosIntegral| +idx]+

0 Vb Vb b /b

Sin| ﬁd] SinIntegr‘al{@ -idx] +SinIntegral| Va d +id X}J

Vb Vb Vb
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Problem 75: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dXx]

(a+bx2)3

Optimal (type 4, 856 leaves, 28 steps):
Cosh[c +dx] 3 Cosh[c+dx] Cosh[c +dx]

16 (@) b (Vo b k)T 163VE (Voa VB x| 16 (@) i/b (Vo /b x|

3Cosh|[c+ @] CoshIntegral| Jad g x| d?Cosh[c+ @] CoshIntegral| Jad g x|
Vo G G G

3 Cosh[c+dx] b
+ + _
16a2+/b (\/—a +\/Fx) 16 (-a)%2/b 16 (-a)3/2b3/2
3Cosh|c- @] CoshIntegr‘al{@ +dx| d2Cosh|c- @} CoshIntegr‘al[@ +dx| 3dCoshIntegr‘al[@ +dx] Sinh|c - Jad d}
I i i I G i b b |
16 (-a)%2+/b 16 (-a)3/2b3/2 16a2b
V-ad . A-a d
3d CoshIntegral | e dx| sinh|c+ ° ] dsinhicsdx] dsinh(c +dx]
+ + +
16a2b 16 (-2)>2b (V-a -Vb x| 16 (-a)*2b (V-a +/b x|
3dCosh|c+ @] SinhIntegr‘al[@ -dx] 3sinh[c+ @} SinhIntegr‘al[@ -dx] d*sinh[c+ @] SinhIntegr‘al[@ -dx]|
G 5 . G I i IS I )
16a%b 16 (-a)%2+/b 16 (-a)3/2 p¥/2
3dCosh|c- @] SinhIntegral[@ +dx] 3Sinh[c- @} SinhIntegr‘al[@ +dx] d?sinh|c- @] SinhIntegr‘al[@ +dx|
I IS i IS I i G 75
16 a2b 16 (-a)%2+/b 16 (~a)3/2 p3/2

Result (type 4, 933 leaves):
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1 10 ab3/2x Cosh[c] Cosh[dx] 6b%2x3Cosh[c] Cosh[dx] 2a2+/b dCosh[dx] Sinh[c]

16 a2 b3/2 (a+bx2)2 i <a+bx2)2 : (a+bx2)2 '

CosIntegr‘al[f%ﬂidx] i(3b-ad?) Cosh[cfb@] —3\/?\/Fd5inh[cfﬁ%})

2ab3?2dx2Cosh[dx] Sinh[c] Vb
+ +
(a+bx?)? Va
jCosIntegr‘al[%H’ldx} (-3b+ad?) Cosh|c+ M%] +3i+a /b dSinh[c+ %}) )
Va
2a2+/b dCosh[c] Sinh[dx] 2ab32dx2Cosh[c] Sinh[dx] 10ab32xSinh[c] Sinh[dXx] 6b%2x3Sinh[c] Sinh[d X]
+ + + -
(a+bx2)? (a+bx2)? (a+bx?)? (a+bx?)?
31ibCosh|[c] Sin[@] SinIntegr‘al[@ -idx]
d d
Bjx/FdCos[\/; ]Cosh[c}SinIntegral[\/ia—fjdx]+ Vb Vb -
Vb Vb Va
3bCos[@} Sinh[c] SinIntegr‘al[@ -idx]
d d
i+va d?Cosh[c] Sin| ] SinIntegr‘al[\/? -idx] - Vb Vb +
Vb Vb Va
d d d d
\a d? Cos[\/; ] Sinh[c] SinIntegral[\/? —J'ldx] —BWdSin[\E } Sinh[c] SinIntegr‘al[\Fai—Jidx} +
Vb Vb Vb Vb
31ibCosh[c] Sin[@] SinIntegr‘al[@ +idx]|
d d
BJix/FdCos[ﬁ | Coshic] SinIntegr‘al[\/? +idx] - Vb Vb +
Vb Vb Va
3bCos{@} Sinh[c] SinIntegr‘al[@ +idx]|
d d
i+/a d*Cosh[c] Sin]| ] SinIntegr‘al[\/? +idx] - Vb Vb +
Vb Vb Va
d
\/?d2 Cos \/? Sinh[c] SinIntegral Va d +1dx —3\/FdSin d Sinh[c] SinIntegral +1dx
g [c] g
Vb Vb Vb Vb

Problem 76: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

X

Cosh[c +dx]
Jidl

X (a+bx2)3

Optimal (type 4, 730leaves, 41 steps):
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Cosh[c +dx] Cosh[c +dx] Cosh[c] CoshIntegral(d x] Vo

+ + - +
4a(a+bx2>2 2a? (a+bx?) al 2 a3

Cosh|c+ @] CoshIntegral| 3% - dx]

d? Cosh|[c + @] CoshIntegral| Jad g x| Cosh[c- @} CoshIntegral| Jead g x| d?Cosh[c- @] CoshIntegral| Jad g x|
b Vb b Vb b Vb

- + +

16a%b 233 16a%b
5d CoshIntegr‘al[@ +dx] sinh[c- @] 5d CoshIntegr‘al[@ ~dx] sinh|[c+ @] .

Ny Vb ' Vb Vb . dSinh[c+dx] B

16 (-a)5/2+/b 16 (-a)52/b 16a2 /b (\/:—\/Fx)
A-ad . N-ad
d Sinh[c +dx] Sinh[c] SinhIntegral(|d x] >d COSh[C * Vb } SlnhIntegr'al[ Vb d X]
+ + +

16a2+/b (\/—a +\mx) a? 16 (-a)%/2+/b

Sinh[c+ @} SinhIntegral| Jad g x| d?sinh[c+ @} SinhIntegral| Jad g x|
I IG i b I .

2a3 16 a%b

5d Cosh|c - @] SinhIntegral| Jad g x] sinh[c- V-a d | sinhIntegral] Jad g x| d?sinh[c- @] SinhIntegral| Jad g x|
Vb Vb Vb Vb b Vb

- +

16 (-a)%2+/b 2a° 16 a2 b

Result (type 4, 1558 leaves):
1

16a3b (a+bx2>2

iva d i+ a
12a%bCosh[c+dx] +8ab?x?Cosh[c+dx] +16b (a+bx?)*Cosh[c] CoshIntegral[dx] - 8a2b Cosh|c - iva | CoshIntegral|d [1\/— +x|]+
Vb Vb
. q . . q .
a®d? Cosh|[c - = | CoshIntegral|d iVa +x|| -16ab?x*Cosh|c - iva | CoshIntegral|d {l Va x| ]+
Vb Vb Vb Vb
ivad i+ a ivVa d L Va
2a?bd? x? Cosh|[c - iva | CoshIntegral|d iVa +x|| -8b3x*Cosh|c - iva | CoshIntegral|d (lr x| ]+
) Vb Vb Vb
ivVa d LV a iva ivVa d
ab?d?x* Cosh|c - iva | CoshIntegral|d [lr +x|] -51a%2+/b dCoshIntegral|d iVa +x|] sinh[c- iva ] -
Vb Vb Vb Vb
L Va iva d LV a ivad
10 i a*? b*2 d x? CoshIntegral [d iVa +x| ] sinh[c - iVa | -5i+a b*2dx* CoshIntegral|d iVa +x| ] sinh[c - iVa |+
Vb Vb Vb Vb
iva Va d ivad

+ X

] +5i+/a Vb dSinh[c+ ]
Vb Vb Vb

2ab?dx®Sinh[c+dx] +16a2bSinh[c] SinhIntegral[d x] + 32 ab?x?Sinh[c] SinhIntegral[dx] + 16 b3 x*Sinh[c] SinhIntegral[dx] -

(a+bx?)?CoshIntegral[d {— -2a?bdxSinh[c+dx] -

] ((—8b+ad2) Cosh|[c+ !
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iva iva d
Vb Vb
iva
Vb

iva d
Vb

iva d
Vb

51ia%2+/b dCosh|c- | sinhIntegral|d | sinhIntegral|d

+XJ} -10 i a*2b%? d x? Cosh [ c -

ivad
Vb

iva
Vb

]+

5i+/a b%2dx*Cosh|[c - | sinhIntegral|d [ +x|] -8a’bsinh|c- | sinhIntegral|d

iva
Vb

ivad
Vb

iva
Vb
iva
Vb Vb
1 d i d
= \/? ] SinhIntegral [ = \/;
Vb Vb
1 d d 1 d
iva | sinhIntegral| ~dx|-5i+a b2dx*Cosh|[c+ iVa | sinhIntegral|
Vb Vb Vb Vb
1 d 1 d 1 d 1 d
iva | sinhIntegral]| iva -dx] -a*d?*sinh[c+ iva | sinhIntegral]| iva
Vb Vb Vb Vb

ivad i+ad i+vad . ivVad
| sinhIntegral]|
\/'b

b Vb Vb
ivad iva d ivad
Lve } SinhIntegr‘al[]l 2 tve ] SinhIntegr‘al[
Vb Vb Vb Vb

a*d?sinh|c - ! d | sinhIntegral|d +x|] -16ab?x?Sinh|c - +X

| sinhIntegral|d {

Vb

ivad
Vb

ivad
Vb

iva
b

iva
b

2a?bd? x? Sinh|[c - | sinhIntegral|d +x|| -8b>x*sinh|c - ! +X

]+

| sinhIntegral[d {

ab?d? x4Sinh[c— ] SinhIntegr‘al[d [ X ] —SjaS/Z\/FdCosh[CJr —dx] -

1 1 d
10 i a®>/2 b2 d x? Cosh|[c + = = —dx] +

8a?bSinh[c+

—dX] +

16 ab® x* Sinh|[c +

| sinhIntegral]|

-dx| -2a’bd?x*Sinh[c+

—dx} +

i

8b*x*Sinh[c + -dx] -ab?d?x*sinh|c+ d—dx]

Problem 77: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dx]

x2 <a+bx2)3

Optimal (type 4, 874 leaves, 60 steps):
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Cosh[c +dx] WCosh[c+dx] 7\/FCosh[c+dx} WCosh[c+dx]

+ —

a’x 16 (-a)5/2 (ﬁ_ﬁx)z 16 a3 (\/:—\/Fx) 16 (—a)5/2 (\/:H/gx)z

15+/b Cosh [c + @] CoshIntegral [ % -d x] d? Cosh [c + @} CoshIntegral [ % -d x]

+

7+/b Cosh[c +dx] Vb ﬁ
+ + -
162° (V-a + Vb x| 16 (-a)”/? 16 (-a)%2+/b
V-ad A-ad 2 A-ad A-ad
15 \/FCosh[c R ] CoshIntegr‘al[ N +dx} d Cosh[c T ] CoshIntegr‘al[ — dx} d CoshIntegral [d x] Sinh[c]
- + +
16 (—3)7/2 16 (*3)5/2\5 a3
7d CoshIntegr‘al[@ +dx] sinh[c- @] 7d CoshIntegr‘al[@ ~dx] Sinh|[c+ @] )
\b b Vb b dSinh[c +dx]
+ + +
16 a3 16 a3 16 (-a)5/2 («/7, ,\mx)

7dCosh|c + @} SinhIntegral| % ~dx]

dSinh[c+dx] d Cosh[c] SinhIntegral[d x] b
+

16 (-a)5/2 (\/:Hﬁx)

a
15+/b Sinh [c + %] SinhIntegral [ % -d x} 7 d? Sinh [c + %] SinhIntegral [ % -d x} )

3 16 a3

16 (-a)’/? 16 (-a)5/2+/b
7d Cosh|[c - @] SinhIntegr‘al{@ +dx] 15+/b Sinh[c- @] SinhIntegr‘al{@ +dx]| d?sinh[c- @} SinhIntegr‘al{@ +dx|
IS I . 5 V5 i I I
16 a> 16 (-a)7/2 16 (~2)52 b

Result (type 4, 1359 leaves):
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1
16a”2/b x (a+bx?)?
16 a°/2+/b d x CoshIntegral[d x] Sinh[c] +32a32b32d x3 CoshIntegral[dx] Sinh[c] +16+/a b>2d x> CoshIntegral[d x] Sinh[c] +

~16a°2+/b Cosh[c+dx] -50a32b32x2Cosh[c+dx] -30~a b>2x*Cosh[c+dx] +

x (a+bx?)?CoshIntegral|d jl\/;er i (15b-ad?) Cosh[c_ Y24 +7+/a /b dsinh c_ivad,l
a0 6| 28] [ (150 aet) comle - L2 e ia g
b b b
x (a+bx?)? CoshIntegral|d SEVa 1 ] (15b-ad?) cosh[cs ad +7+/a /b dsinh C+1’1vad _
( ) [ J ) Cosh] ] [ ]
Ve Vb Vb

2a%2+/b dxSinh[c+dx] -2a*2b*2dx3Sinh[c+dx] +16a°2+/b dxCosh[c] SinhIntegral[dx] +
32 a2 b*2dx3Cosh[c] SinhIntegral[dx] +16 v/a b°/?2dx® Cosh[c] SinhIntegral[dx] +

iva d iVa i d i
7a*2/b dxCosh|c - iVa | sinhIntegral|d iVa +x|| +14a%2b*2d x> Cosh|c - iva | sinhIntegral[d [l Va +x]] +
Vb Vb Vb Vb
ivVa d i Va i d i
7+Va b*2dx° Cosh|[c - iva | sinhIntegral|d iva +x|] -151a*bxSinh[c - iva | SinhIntegral|d [l Va +x| ]+
Vb Vb Vb Vb
: p . . q .
ia®d?xSinh[c- iVa | sinhIntegral|d (1 Va +x|] -301iab?x’Sinh|c- iVa | sinhIntegral|d iVa x| ]+
Vb Vb Vb Vb
i d i ' d '
2ia?bd?x?Sinh|c - ia | sinhIntegral|d ia +x|| -151i b>x®Sinh[c - iva | sinhIntegral[d (l Va +x| ]+
Vb Vb Vb Vb
i d i ' d i d
iab?d?x>Sinh[c - iva | sinhIntegral|d iva +x|] -7a%2+/b dxCosh[c+ iva ] SinhIntegral[l\/; ~dx] -
Vb Vb Vb )
ivVa d iva d ' d i d
14 a*2 b2 d x® Cosh | c + iva | sinhIntegral| iva ~dx| -7+a b%2dx® Cosh[c + iva | sinhIntegral| iVa ~dx] -
Vb Vb Vb Vo
ivad iva d ' d i d
15 i a*bxSinh[c+ iVa ] SinhIntegr‘al[l\/— -dx] +1ia*d?>xSinh|c+ iva ] SinhIntegr‘al[l\/; -dx]| -
Vb Vb Vb Vb
i d i d i d i d
301 ab?x?Sinh[c+ iVa ] SinhIntegr‘al[]l\/? -dx| +2ia’bd?>x*Sinh[c+ iVa ] SinhIntegral[l\/; ~dx] -
Vb Vb Vb )
i d i d i d ' d
151 b® x> Sinh[c + iVa | sinhIntegral] ia ~dx] +1iab?d?x®Sinh|[c+ iVa | sinhIntegral] iva -dx]

VB VB VB VB

Problem 78: Result unnecessarily involves imaginary or complex numbers.

X

Cosh[c +dx]
Jidl

x3 <a+bx2)3
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Optimal (type 4, 791 leaves, 46 steps):
Cosh[c+dx] bCosh[c+dx] bCosh[c+dx] 3bCosh[c] CoshIntegral[{dx] d?Cosh[c] CoshIntegral[dx]
- - - - +

2 a3 x? 4 32 (a+bx2)2 a3 (a+bx2) at 2 a3 '

Vb b Vb

— + —

2a* 16 a3 2at

3bCosh|c+ @] CoshIntegral| % ~-dx] d?Cosh|[c+ @} CoshIntegral| % -dx] 3bCosh[c- @} CoshIntegral| % +dx]

d? Cosh [c @] CoshIntegral [ Jad g x} 9+/b dCoshIntegral [ JYad g X} Sinh [c - @]
Vb Vb N Vb Vb -

16 a3 16 (-a)’/?

lz—ad_ . -a d
9+/b dCoshIntegral[*2-% —dx]|sinh[c+ 24| o; 0 4y Vb dsinh[c+dx] /b dSinh[c:dx]

. _
16 (-a)”’2 2a%x 16 a° (\/—a —\/Fx) 16 a3 (\/—a +\/Fx>
3bSinh[c] SinhIntegral[dx] d?Sinh[c] SinhIntegral[d x] 9v/b d Cosh [c " Vb ] SlnhIntegr‘al[ Vb d X}
+ + -

a4 2 a3 16 (73)7/2
3bSinh[c+ @] SinhIntegral| Jad g x| d?*sinh[c+ @} SinhIntegral| Jead g x|

Vb Vb N Vb Vb .

22t 16 a3

9+/b dCosh|c - @] SinhIntegral| Jad g x| 3bsinh[c- @} SinhIntegral| Jad g x| d?sinh[c- @] SinhIntegral| Jad g x|
NCY Vb . b Vb B Vb Vb

16 (-a)’/? 2 at 16 a3

Result (type 4, 998 leaves):
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1 2aCosh[dx] (2 (2a?+9abx?+6b?x*) Cosh[c] +dx (4a?+7abx?+3b>x*) Sinh[c])
- +
16 a* x? (a+bx2)2

2a(dx (4a?+7abx?+3b2x*) Cosh[c] +2 (2a%+9abx?+6b?x*) Sinh[c]) Sinh[dx]

.
x2 <a+bx2)2

8 (6b-ad?) (Cosh[c] CoshIntegral[dx] +Sinh[c] SinhIntegral[dx]) -

9i+/a Vb dSinh[c] Cos| d} CosIntegral|- d +1idx] —Cos[\/?d} CosIntegr‘al[\/a_d +idx] +
Vb Vb ) Vb
Sin| d | |sinIntegral] Va d -idx] - SinIntegral| +idx]||+241ibSinh[c] (Coslntegr‘al [-
Vb ) )
CosIntegral| d +1idx] sin] d | +Cos| Va d | | -sinIntegral| Va d - idx] +SinIntegral]
Vb Vb Vb Vb Vo
iad?Sinh[c] |CosIntegrall- Va d +idx] Sin[@} - CosIntegral| Va d +idx]| sin| Va d ]+
Vb Vb Vb Vb
Cos [ Va d } {SinIntegr‘al [ Va d -1d x] + SinIntegr‘al[ +1d x} J -
Vb Vb )
9+/a /b dCosh[c] CosIntegr‘al[fx/?(j +1idx]| Sin[ﬁd] +CosIntegr‘a1[v§d +1idx] Sin[\/?d] -
Vb Vb Vb Vb
Cos| d | |sinIntegral]| @ -idx] +SinIntegral| Va d +idx]||-
Vb ) Vb
24 bCosh[c] |Cos| d] CosIntegral |- +idx| +Cos[\/?d] CosIntegral| +idx]+
Vb Vb Vb Vb
Sin [ Va d } (SinIntegr‘al [ @ -id x} + SinIn‘tegr‘al[ Va d +1id x] +
Vb Vb Vb
ad? Cosh[c] |Cos]| d} CosIn‘cegr‘al[f\Ed +1dx] +Cos[\/;d] CosIntegral| +idx] +
Vb Vb Vb Vb
Sin[ d } (SinIntegr‘al [ @ -1id x} +SinIntegral [ Va d +1d x] ]
Vb Vb Vb

Problem 94: Result is not expressed in closed-form.

x4 Cosh[c +dx]
J—dlx

a+bx3

\ad
Vb

+J'ldX}

+idx] sin|
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Optimal (type 4, 373 leaves, 15steps):

(_1) 2/3 a2/3 Cosh [C N 1—_1)%} CoshIntegral [ 1—_1)% _d X]

Cosh[c +dx] N b3 s
b d? 3p5/3
(1) a?/3 cosh|c - Li);iaa—w} CoshIntegral |- j—_l)% ~dx] a¥3Cosh[c- abli%} CoshIntegral| a;;/;d .+ dx]
* +
3p5/3 3p5/3
wSinh(c.dx) (-1)77a¥?sinh[c+ (H7204] sinhIntegral [ 2122 dx]
bd ) 3 p5/3 -

d X} (_1> '/* a?/3 sinh [C - nPattd } SinhIntegral [ LY aRd 2/3/31’/3" +dx

. 1/3 . 1/3
a?3sinh[c - 2—%] sinhIntegral|[=—¢ .
bl/3 pl/3 p1/3 p1/3

3 p5/3 3p5/3

Result (type 7, 213 leaves):

1
- ad?RootSum|a +bn1® &, — (Cosh[c+d 1] CoshIntegral[d (x-1)] -
6 b2 d? 1l
CoshIntegral|d (x -=1) | sinh[c+d#1] - Cosh[c +d#1] SinhIntegral|d (x-=1) | +sinh[c +d 1] SinhIntegral|d (x -=1) ] ) &] +

a d? RootSum[a + b1 &, 1 (Cosh[c+dn1] CoshIntegral[d (x - 1) | + CoshIntegral|d (x - 1) | Sinh[c+dl] +
i |

Cosh[c+dnl] SinhIntegral|d (x -#1) | +Sinh[c+d 1] SinhIntegral|d (x-#1)]) &] +6b (Cosh[c+dx] -dxSinh[c+dx])

Problem 95: Result is not expressed in closed-form.

x3 Cosh[c +dx]
J—dlx

a+bx3

Optimal (type 4, 358 leaves, 14 steps):

(-1)*? a3 Cosh[c + ﬂm] CoshIn‘cegr‘al[i’—nM -dx]  (-1)*?al3cosh|c- i’—lm] CoshIntegral|- L0l g x|

pl/3 pl/3 pl/3 pl/3
3 b4/3 B 3 p4/3 -
1/3 al/3 g al/3d 1/3 _1/3 ¢4 _1)1/3 31/3 ¢4 . _1)1/3 31/3 ¢4
al/3 Cosh|c - e | CoshIntegral| L, +d x| cinh fc+dx] (-1)**al’?sinh[c+ 1—)—b1/3 | sinhIntegral| 1—)—b1/3 -dx]
+ _ _
3 p4/3 bd 3 p4/3
a3 sinh|c - 2" d | sinhIntegral| a2d g x] (-1)*?al2sinh|c- 1’—1%} SinhIntegral| L0aPd | g q
p1/3 pl/3 p1/3 p1/3
3 b#/3 3 p4/3

Result (type 7, 198 leaves):

| 51
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- adRootSum|a +b=1® &, 2 (Cosh[c+du1] CoshIntegral [d (x -=1) ] -
6b%d 112
CoshIntegral|d (x-#1) | Sinh[c+d#1] - Cosh[c+d 1] SinhIntegral[d (x -#1) | +Sinh[c+dn1] SinhIntegral[d (x-#1)]) &) +

adRootSum|a + b #1? &, % (Cosh[c+dn1] CoshIntegral[d (x - 1) | + CoshIntegral|d (x - 1) | Sinh[c+dl] +
=1

Cosh[c+dn1] SinhIntegral|d (x -#1) | +Sinh[c+d 1] SinhIntegral|d (x-#1)]) &] -6bSinh[c+dXx]

Problem 96: Result is not expressed in closed-form.

x2 Cosh[c +dx]
J—dlx

a+bx3

Optimal (type 4, 283 leaves, 11 steps):

Cosh|c + 1'—1%} CoshIntegral| IS LAY LAY x| Cosh|c- "—”M} CoshIntegral |- ! q

pl/3 pl/3 pl/3

+ +
3b 3b
Cosh[c - 22947 coshIntegral| 2°9 1 dx] sinh[c+ 12224 ginhIntegral [ L2 22d gy
g g
bl/3 bl/3 bl/3 bl/3
- +
3b 3b

Sinh|c - a’Pd SinhIntegral a’2d +dx Sinh[c - F7ar’d 2lal’d SinhIntegral| -27"a7"d 2t d +dx
g g
pl/3 pl/3 pl/3 pl/3

+

3b 3b
Result (type 7, 170leaves):

ib (RootSum[a +b =13 &, Cosh[c +d 1] CoshIntegral|d (x-=1) | -
6

CoshIntegral|d (x - 1) | Sinh[c+d®1] - Cosh[c+dn1] SinhIntegral[d (x -#1) ] +Sinh[c+du1] SinhIntegral[d (x - 1) ] &] +
RootSum|a + b 113 &, Cosh[c +d 1] CoshIntegral|d (x -#1) | + CoshIntegral|d (x - #1) | Sinh[c+d®l] +
Cosh[c +dn1] SinhIntegral[d (x -#1) ] + Sinh[c +d#n1] SinhIntegral[d (x -#1)] &])

Problem 97: Result is not expressed in closed-form.

X

x Cosh[c +dx]
J—dl

a+bx3

Optimal (type 4, 345leaves, 11 steps):



(-1)? Cosh[c + ﬂm] CoshIn‘cegr‘al[4’—1)L1’/3d -dx] (-1)*?cosh|c- 1—1&} CoshIntegral|- L atd

- dx]

6.2 Hyperbolic cosine.nb

pl/3 p1/3 oy -
7 3al/3 b2/3 ! 331/3 p2/3
Cosh|[c - 22d “d] CoshIntegral |2 dx 1123 ginh[c s 1YY SinhIntegral sty
b bl 3 bl N
3 gl/3 p2/3 + TR )
Sinh|c - bl } SlnhIntegr'al[ +dx]  (~1)"*sinh[c- 1_1%} SinhIntegral| 1—_1% Cdx]
3 31/3 p2/3 * Ny

Result (type 7, 180leaves):

o6 RootSum|a + b #1® &, = (Cosh[c+dn1] CoshIntegral[d (x-1)] -
6 =1

CoshIntegral|d (x-#1) | Sinh[c+dn1] - Cosh[c+dn1] SinhIntegral|d (x -#1) | +Sinh[c+dn1] SinhIntegral|d (x-#1)]) &] +

RootSum|a + b 113 &, x (Cosh[c +dn1] CoshIntegral|d (x - 1) ] + CoshIntegral|d (x -#1) | Sinh[c+d®nl] +
71

Cosh[c+d®1] SinhIntegral[d (x -#1)] +Sinh[c+d#1] SinhIntegral[d (x -#1)]) &]

Problem 98: Result is not expressed in closed-form.

X

Cosh[c +dx]
Jidl

a+bx3

Optimal (type 4, 345leaves, 11 steps):

(-1)* cosh|[c + 47_1&] CoshIntegr‘al[l’—lm dx| (-1)*?cosh|[c- ﬂm} CoshIn‘cegr‘al[—"—l)M

—dx}

pl/3 pl/3 . pl/3 p1/3
3 g2/3 pl/3 3 g2/3 pl/3
Cosh|c - b1’3 } CoshIntegr'al[ +dx] (-1)*?sinh[c+ ‘—”:;T} SinhIntegral| 1’—1)% dx|
3 g2/3 pl/3 i 3 g2/3 pl/3 i
Sinh[c - a;@d} SlnhIntegr*al[ +dx]  (-1)*?sinh[c- 1;1)%} SinhIntegral| 1’—1)% +dx|
3 a2/3 b1/3 " 3 a2/3 b1/3

Result (type 7, 180leaves):

+

| 53
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1 1
— |RootSum|a + b 13 &, —— (Cosh[c+du1] CoshIntegral [d (x-m1) ] -
6b 112

CoshIntegral|d (x-#1) | Sinh[c+d 1] - Cosh[c+dn1] SinhIntegral[d (x-#1) ] +Sinh[c+d1] SinhIntegral|d (x-#1)]) &] +

RootSum|a + b 113 &, % (Cosh[c+dn1] CoshIntegral[d (x - 1) | + CoshIntegral|d (x-#1) | Sinh[c+dul] +
=1

Cosh([c+d 1] SinhIntegral[d (x -#1) ] + Sinh[c+dn1] SinhIntegral[d (x-#1)]) &]

Problem 99: Result is not expressed in closed-form.

dx

JCosh[c +dXx]

X <a+bx3)

Optimal (type 4, 303 leaves, 16 steps):

Cosh|[c+ ﬂm} CoshIntegral| LPattd x| Cosh[c- ﬂm} CoshIntegral|- LnPatd g q

Cosh[c] CoshIntegral[d x] pl/3 pl/3 pl/3 pl/3
a 3a 3a
al/3 4 al/3 d . _1)1/3 31/3 ¢ . _1)1/3 31/3 4
Cosh|c - o | CoshIntegral] L +d x| <inn [c] SinhIntegral[dx] Sinh [c+ 4—>—b1/3 ] S.1nhIntegr‘al[1—)—b1/3 -dx]
+ + -
3a a 3a

Sinh|c - ﬂ} SinhIntegral| a’d g x| Sinh|c- ﬂm] SinhIntegral| 1;1)2/5:1_% +dx|

1
pl/3 pl/3 pl/3

3a 3a
Result (type 7, 186 leaves):

1
- — (-6 Cosh[c] CoshIntegral[dx] +RootSum|a+b1® &, Cosh[c+d 1] CoshIntegral|d (x-u1)] -
6a

CoshIntegral|d (x -#1) | Sinh[c+d1] - Cosh[c+dn1] SinhIntegral[d (x -#1) | + Sinh[c+dn1] SinhIntegral[d (x -#1) | &] +
RootSum|a + b1’ &, Cosh[c +d 1] CoshIntegral|d (x - 1) | + CoshIntegral|d (x - 1) ] Sinh[c+dul] +
Cosh[c+dnl] SinhIntegral[d (x -#1) | +Sinh[c+d#1] SinhIntegral|d (x -#1) ] &] - 6 Sinh[c] SinhIntegral(dx])

Problem 100: Result is not expressed in closed-form.

dx

JCosh[c +dXx]

x2 (a+bx3>

Optimal (type 4, 381 leaves, 17 steps):
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(-1)% b3 Cosh|[c + ﬁm} CoshIntegral| L0l g x|

Cosh[c +dx] oy "
- N i
ax 3 g4/3
(—1) 1/3 p1/3 cosh [c _ L;I)M} CoshIntegral [7 ﬂm _d x] bl/3 Cosh [c _atd } CoshIntegral [ a1/3/d d x}
p1/3 pl/3 pl/3 pl/3
3a%3 ’ 3 94/3 "
_1)\2/3 p1/3 g5 -1)Y/3al/3d . _1)1/3 31/3 4 -

d CoshIntegral[d x] Sinh[c] dCosh[c] SinhIntegral[d x] (-1)*? b3 sinh[c+ ‘—)—bm | sinhIntegral| 1_>—b1/3 dx|

a + a ) 3 34/3 +
b'/3 sinh[c - £2¢] sinhIntegral[ 228 vdx] (-1)Y?bY/3sinh[c - L2224 ] ginhIntegral [ L2020 L gy

pl/3 pl/3 b1/ s

3a%3 ) 334/3

Result (type 7, 215leaves):
1

6ax

1
6 Cosh[c+dx] +xRootSum[a +b 11> & — (Cosh[c +d 1] CoshIntegral|d (x-#1) ]| - CoshIntegral[d (x-#1)] Sinh[c+d#1] - Cosh[c +d 1]
i |

SinhIntegral[d (x - #1) | + Sinh[c+d#1] SinhIntegral[d (x-#1)]) &] +

x RootSum|[a + b 1% &, 1 (Cosh[c +d#1] CoshIntegral|d (x-1) ] + CoshIntegral|d (x -#1) | Sinh[c+d®n1] +
=1

Cosh[c+dn1] SinhIntegral[d (x -#1) | + Sinh[c+dn1] SinhIntegral[d (x-=1)]) &] -

6 d x CoshIntegral[d x] Sinh[c] - 6d x Cosh[c] SinhIntegral[d x]

Problem 101: Result is not expressed in closed-form.

dx

JCosh[c +dx]

x3 (a+bx3>

Optimal (type 4, 410leaves, 18 steps):
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(-1)*2b?3Cosh|[c + ﬂm] CoshIntegral| LalPd g x|

B Cosh[c +dx] . d? Cosh[c] CoshIntegral[d x] . pi/3 pl/3 B
2ax? 2a 3a°/3
(-1) 2> b2/3 Cosh|[c - 1’—1)%} CoshIntegral|- 1’—1);/13:—1/3‘1 -dx] b*3Cosh[c- aljf | CoshIntegral| a:%d +dx]
3a°/3 B 3353 N
1/3 1.2/3 ¢4 (-1) 1/3 31/3 ¢4 . -1) 1/3 31/3 ¢4
dSinh[c+dx] d?Sinh[c] SinhIntegral[d x] (_ 1) b*’* Sinh [C * bl/3 ] SinhIntegral [ p1/3 -d X]
+ _ _
2ax 2a 3 a°%/3
b%/3 Sinh|[c - al/ﬁ] SinhIntegral| a2d g x| (-1) 2> p2/3sinh|c - 4’—1%} SinhIntegral| LnPatlid g x|
pl/3 pl/3 pl/3 pl/3
3a°/3 ) 3a%/3

Result (type 7, 237 leaves):

1
- ; 3Cosh[c+dx] -3d?x%Cosh[c] CoshIntegral[dx] +
6ax

x? RootSum[a + b #1° &, % (Cosh[c+dn1] CoshIntegral[d (x -#1) | - CoshIntegral|d (x - #1) | Sinh[c+dul] -
=1

Cosh[c +d#1] SinhIntegral|d (x-=1) | +Sinh[c+d=n1] SinhIntegral|d (x-=1) ] ) &| +

x? RootSum|a + b 11° &, % (Cosh[c+dn1] CoshIntegral[d (x-11) ] + CoshIntegral|d (x - 1) | Sinh[c+d 1] + Cosh[c+d 1]
=1

SinhIntegral|d (x -#1) | + Sinh[c+d#1] SinhIntegral|d (x-#1)|) &] +3dxSinh[c+dx] - 3d?x*Sinh[c] SinhIntegral(dx]

Problem 102: Result is not expressed in closed-form.

x3 Cosh[c +dx]
J— dx

(a+bx3)2

Optimal (type 4, 718 leaves, 23 steps):
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(-1)** cosh[c+ lim] CoshIntegral [4’—1% -dx] (-1)*?cosh|[c- l’—”Lmd] CoshIntegral|- N AT VAR x|
p1/3 p1/3 p1/3 p1/3
3b (a+bx3) N g g2/3 p4/3 i g g2/3 p4/3 "

x Cosh[c +dx]

Cosh|c - %} CoshIntegral| % +dx] dCoshIntegral| ‘_’;’1% +dx] sinh|c - a;—:d}

9 a2/3 b4/3 9 a1/3 b5/3

(-1)*” d CoshIntegral | Cuatfd g x| Sinh[c+ i—lm] (-1)2 d CoshIntegral |- (1ad g x| sinh[c- 12 al/sd}

pl/3 pl/3 pl/3 pl/3

+ +

9 g1/3 p5/3 9 gl/3 p5/3

_1y1/3 51/3 . _1y1/3 51/3 . _1y1/3 51/3 . _1y1/3 51/3
(-1)*?dcCosh[c+ =24 ] sinhIntegral [ “1—2—=9 —dx]| (-1)*?sinh[c+ -—2=4] SinhIntegral [ -1 —2—9 _dx]
pl/3 bl/3 pl/3 pl/3

+ —

9 gl/3 p5/3 g g2/3 p4/3

d Cosh [c - ﬂ} SinhIntegral [ a2d ¢ x] Sinh [c - al/#] SinhIntegral [ a¥?d | g x}
p1/3 pl/3 pt/3 p1/3
9 al/3 p5/3 i 9 32/3 p4/3 !

(-1)*?dcosh[c- 1’—1%] SinhIn‘cegr‘al[i’—l)Lﬂ3d +dx] (-1)*?sinh[c- "—”M} SinhIntegr‘al["—l% +dx]

pl/3 pl/3 p1/3

+
9 a1/3 b5/3 9 a2/3 b4/3

Result (type 7, 363 leaves):
1 76beosh[c+dx]
18 b? a+bx3

- RootSum[a + br1® &,

% (-Cosh[c+du1] CoshIntegral|d (x-#1) ] + CoshIntegral[d (x-#1)] Sinh[c+d#1] +Cosh[c +d 1] SinhIntegral|d (x-#1)] -
=1

Sinh[c+d®1] SinhIntegral[d (x -#1) | +dCosh[c+d#1] CoshIntegral|d (x - 1) | 1 -d CoshIntegral|d (x -#1) | Sinh[c+d=l] ul -
d Cosh[c+d1] SinhIntegral|d (x-#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-#1) ] #11) &) + RootSum|a + b1 &,

% (Cosh[c +du1] CoshIntegral[d (x-#1) ] + CoshIntegral[d (x -#1) | Sinh[c+d 1] + Cosh[c +d 1] SinhIntegral[d (x-u1)] +

=1
Sinh[c+dn1] SinhIntegral[d (x -#1) | +dCosh[c+d#1] CoshIntegral|d (x - #1) | 111+ d CoshIntegral[d (x -#1) | Sinh[c +da1] 11 +

d Cosh[c +d 1] SinhIntegral|d (x -=1) | #1+dsSinh[c+d#1] SinhIntegral|d (x-=1) | 1) &]

Problem 103: Result is not expressed in closed-form.

x2 Cosh[c +dx]
J—dlx

<a+bx3)2

Optimal (type 4, 373 leaves, 12 steps):
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al/3 4 . al/3 4 1/3 _1)1/3 31/3 4 . _1)1/331/3 4
Cosh[c+dx] dCoshIntegral [ s +d x| Sinh|[c - o | (-1)%°dcCoshIntegral| i—)—bl/g -dx] Sinh[c+ i—)—bl//g ]
_ N _
3b (a+bx3) g g2/3 p4/3 g g2/3 p4/3

+

(-1)*" d CoshIntegral |- CLPatd g x| Sinh|[c - ﬁm]

o (-1)*?dcosh|[c+ FA—2=d a2d

- - ] SinhIntegral [ g—_l)L“d -d x}
bl/3 bl/3 b1/3
9a2/3 b4/3 * 9a2/3 b4/3 *
d Cosh|[c - ﬂ} SinhIntegral| 2a2d g x] (-1)*?dcosh[c- ﬂm] SinhIntegral| LRl g q
bl/3 bl/3 pl/3 pl/3
9 a2/3 b4/3 " 9 a2/3 b4/3

Result (type 7, 203 leaves):

1 6 b Cosh[c +dx] 3 1

- - dRootSum|a + b11% &, —— (Cosh[c +du1] CoshIntegral|d (x-=1)] -

18 b? a+bx? 712

CoshIntegral|d (x-=1) | sinhfc+d#1] - Cosh[c +d#1] SinhIntegral|d (x -=1) | +Sinh[c +d#n1] SinhIntegral|d (x-=1) ] ) &| +

d RootSum|[a + b1 &, % (Cosh[c+dn1] CoshIntegral|d (x-11)] + CoshIntegral|d (x -#1) | Sinh[c+dnl] +
=1

Cosh[c +dn1] SinhIntegral[d (x -#1) ] + Sinh[c+d#n1] SinhIntegral[d (x -#1)]) &]

Problem 104: Result is not expressed in closed-form.

JxCosh[c+dx]
(a+bx3)2

dx

Optimal (type 4, 695 leaves, 34 steps):
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(-1)%7 cosh[c + HA—a=d Vel | CoshIntegral [ {—2—4 Vatld g x|
p1/3 p1/3
- +

3abx 73bx(a+bx3) 9 a4/3 p2/3

Cosh[c +dx] Cosh[c +dx]

(*1) /3 cosh [C _ l*_l)M] CoshIntegral [7 (1)22alBd d X] Cosh [C B %] CoshIntegral [ a;ild

pl/3 pl/3

+dX}

9 a4/3 b2/3 9 a4/3 b2/3

al/: 1/3 J1/3

:/3" +dx] sinh|c- ﬂ] d CoshIntegral [ 2-—2—4 _d x| sinh[c + ﬂm]

d CoshIntegral |

b", pl/3 p1/3 pl/3 B
9ab 9ab
d CoshIntegral|- 1'—1% -dx] Sinh[c- 1'—1%] d Cosh|[c + 1'—1%} SinhIntegral| 1'—1% - d x|
+ +

9ab 9ab

(-1) ??sinh[c+ 1’—1%] SinhIntegral| LnPald g x| dCosh|c- ﬁ] SinhIntegral| ald g x|
b1/3 p1/3 B p1/3 p1/3 B

9 a4/3 b2/3 9ab

Sinh|c - ﬂ} SinhIntegral| a¥2d g x| dCosh|c- ﬂm} SinhIntegral| L0Pad g x|
p1/3 b1/3 p1/3 p1/3
9 34/3 p2/3 9ab :

(-1)*?sinh[c- l’—”Lwd] SinhIntegral| Ln2Patld g x|

pl/3 pl/3

9 a4/3 b2/3

Result (type 7, 387 leaves):

1
—————————— |6bx?Cosh[c+dx] + (a+bx’) RootSum|a + b1’ &,
18ab (a+bx3)
1 (Cosh[c+dn1] CoshIntegral[d (x - 1) | - CoshIntegral|d (x - 1) | Sinh[c+d#1] - Cosh[c+d 1] SinhIntegral|d (x -#1) ] +
7l
Sinh[c+d 1] SinhIntegral|d (x - 1) ] +dCosh[c+d#1] CoshIntegral|d (x -#1) | #1-d CoshIntegral|d (x-#1)] Sinh[c+dul] =l -
d Cosh[c+d 1] SinhIntegral|d (x-#1) ]| #1+dSinh[c+d#1] SinhIntegral|d (x-#1) ]| #1) &) - (a+bx?) RootSum[a + b 1> &,
1

— (-Cosh[c+dn1] CoshIntegral[d (x - #1) | - CoshIntegral|d (x - #1) | Sinh[c+d1] - Cosh[c +d 1] SinhIntegral|d (x -=1) | -
ol

Sinh[c+d 1] SinhIntegral|d (x - 1) ] +dCosh[c+d 1] CoshIntegral|d (x -#1) | #1+d CoshIntegral|d (x-#1)] Sinh[c+d#1] =1 +

d Cosh[c+d1] SinhIntegral|d (x -#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-#1) ] 1) &]

Problem 105: Result is not expressed in closed-form.

dx

JCosh[c +dXx]

(a+bx3)2

Optimal (type 4, 739 leaves, 36 steps):
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1/3 ()Y2atd (1Y2ald
Cosh[c +dx] Cosh[c +dx] 2 (-1)* Cosh[c+ | CoshIntegral | / - dx]

bl/g b1/3
- - +
3abx? 3bx? (a+bx?) 9a°/3 p/3
2 (-1) 2% Cosh|c - ﬂm] CoshIntegral |- Ln2Patld g x| 2Cosh|c- M} CoshIntegral| a2d ¢ x|
b1/3 p1/3 . pl/3 b1/3 .
9 35/3 p1/3 9 35/3 p1/3

d CoshIntegral | a;’;ld +dx] Sinh[c- %] (-1)%”° d CoshIntegral| ﬂ% ~dx] Sinh[c+ 1’—1%}

9 34/3 p2/3 B 9 34/3 p2/3 -

(-1)* d CoshIntegral [ - LD atd d x| Sinh|c - 1—_1%] (-1)*?dcosh|c+ ﬁm] SinhIn‘cegr‘al[4’—1)L1’/3d ~dx]

ki b'/2 b/ b1/3
9 34/3 p2/3 - 9 g4/3 p2/3 +
2 (-1)"2sinh[c + um] SinhIntegral ICELE ILT- B x| dcosh|c- SF | sinhIntegral | 24y ]
pl/3 pl/3 pl/3 p1/3
* +
9 35/3 p1/3 g g4/3 p2/3
2sinh[e - abl—:d} Sinhintegral| a:/sd +dx]  (-1)"*dcosh[c- 1_1)%] SinhIntegral| 1_1)% +dx]
9 35/3 p1/3 B 5 44/ p2/? +
2 (-1)??sinh[c - 22224 sinhIntegral | LI gy
bY/3 p1/3
9 g°/3 p1/3

Result (type 7, 387 leaves):
1

—————————— |6bxCosh[c+dx] + (a+bx?) RootSum|a + b1’ &,
18ab (a+bx?)

% (2 Cosh[c+dn1] CoshIntegral|d (x—ttl)] - 2 CoshIntegral|d (x—ttl)] Sinh[c+d#1] - 2Cosh[c +d 1] SinhIntegral|d (x—ttl” +
ol

2Sinh[c+dn1] SinhIntegral|d (x -#1) | +dCosh[c +d#1] CoshIntegral|d (x - 1) | #11 - d CoshIntegral|d (x - #1) | Sinh[c+dn1] 51 -
d Cosh[c+d1] SinhIntegral|d (x-#1) | #1l+dSinh[c+du1] SinhIntegral|d (x-=1) ] =1) &) - (a+bx?) RootSum[a + b 1> &,

% (-2 Cosh[c+dn1] CoshIntegral [d (x -11) ] - 2 CoshIntegral|d (x - 1) | Sinh[c+d#1] - 2 Cosh[c +d#1] SinhIntegral|d (x-=1) | -

ol
2Sinh[c+dl] SinhIntegral|d (x -#1) | +dCosh[c +d 1] CoshIntegral|d (x - 1) | 11+ d CoshIntegral|d (x -#1) | Sinh[c+dn1] #l +

d Cosh[c+d 1] SinhIntegral|d (x -#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-#1) ]| 1) &]

Problem 106: Result more than twice size of optimal antiderivative.

dx

JCosh[c +dx]

e (a+bx3)2

Optimal (type 4, 697 leaves, 41 steps):



6.2 Hyperbolic cosine.nb | 61

1/3 J1/3 _1)1/3 51/3
Cosh|[c + LH-—2—d] coshIntegral | 4—1)b1:‘—d - dx]

Cosh[c +dx] Cosh[c +dx] Cosh[c] CoshIntegral[d x] bl/3
_ + - -
3abx3 3bx® (a+bx?) a2 3a?
Cosh|c - ﬂm] CoshIntegral|- L0Pad g x| Cosh[c- ] CoshIntegral [ u +dx| dCoshIntegral|[®~¢.dx] Sinh|[c- ﬂ]
bl/3 b1,3 B b B b1/3 b1//3 N
3 a? 332 9 35/3 pl/3
(- )1/3dCoshIn‘cegr‘al[1’—1);;3—1’3 dx| Slnh[c+ii):Tl/3d] (—1)2/3dCoshIntegral[—ﬂ%—dx] Sinh[c—"—l)%}
9 35/3 p1/3 - 9 a35/3 p1/3 *
1/3 (-1) 1/3 31/3 ¢4 . (-1)Y/3 al/3 4
Sinh[c] SinhIntegral[d x] <_1> dCOSh[C * pl/3 } SlnhIntegr‘al[ bl/3 - dx]
a? . 9 25/3 p1/3 "
Sinh [c + ﬂm] SinhIntegral [ Lnald g x} d Cosh [ } SinhIntegral [ Pd g x] Sinh [c - aw/d ] SinhIntegral [ a’d g x}
bl/3 pl/3 ~ pl/ pl/3 B pt/3 p1/3 ~
3 a2 9 a5/3 b1/3 3 a2
(-1)*?dcCosh|c - =4 ;’/13/,:1’3 | sinhIntegral[ 1 —2—1 ::/;1/3 +dx| sinh[c- H—ad :13/,:1’3 | sinhIntegral[ 1 —2—1 :::1 g x|
9 35/3 p1/3 - 332

Result (type 4, 5530 leaves):

X SinhIntegral [d x]
Sinh[c] X -
a

al/3

al’3 g al/3
- CoshIntegral [d (
b1/3

d . a1/3
13 ] +Cosh[ Y } SlnhIntegr‘al[d [b1/3 +x] ] ] )/

[(2 bY/2 -3 (-1)3 b2 43 (-1)2 b2

Sinh[d x] 1

pl/3 (_ (_1>1/3 al/3 | pl/3 X) ! p2/3

((-1+ (-1)1/3) (1+ (- 1)1/3)2 2b1/3) ; {(21-22 (-1)Y% 21 (-1)2/3) pi/3 |-

71>1/3 al’3 g (71)1/3 al’3d <71>1/3 al’3 d <71>1/3 al’3 (g

d {Cosh[ ( | CoshIntegral|- +dx] - Sinh| | sinhIntegral| -dx]

b1/3 b1/3 b1/3 b1/3
1/3 1/3) 2 1/3 2/3 Sinh[dx]
(3 -1+ (-2)"2) (24 (-1)*2)"a%2) « | (22-22 (-2)"2 w21 (1)) 022 |- o (o0
d (Cosh[a’ 4] CoshIntegr‘al[ +dx] 751nh[a/ 4] SlnhIntegr‘al[ 4 dx]

h2/3 / (3 (—1+ (71)1/3) (1+ (,1)1/3)235/3) N
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1

31+ (-1)27) %8

(22 bl/3 _ 21 <_1>1/3 bl/3 ;21 (_1>2/3 b1/3) [_ Sinh[d x] . 1

pl/3 ( <71>2/3 al/3 | pl/3 x) p2/3

(71>2/3 a1/3d 71>2/3 al/3d (71>2/3 a1/3d (71>2/3 a1/3d
d [Cosh|-~—"————] CoshIntegral | ~——————— +dx| - Sinh[~—————] SinhIntegral [ ~————— +dx] || +
b1/3 b1/3 b1/3 b1/3
1 1/6 1/3 4 -1 1/6 1/3 ¢4
i (2 bl/3 -3 (—1)1/3 b3+ 3 (—1)2/3 b1/3) CosIn‘cegr‘al[—<>—a +idx]| Sin[H—a -
pl/3 pl/3
<71>1/6 al/3 g . (71>1/6 al’3 (g ' 2
COS[T] SlnIntegPal[T—ldX} / ((71+ <,1>1/3) (1+ (—1)1/3) a2 bl/s) +
1 5/6 1/3d -1 5/6 1/3d
! i (3b1/3—2(—1)1/3b1/3+3(—1)2/3b1/3) CosIntegral|- ) +1dx] Sin[H—a}—
(1+ (71>1/3>2a2 pl/3 h1/3 bl/3
<*1> *fald (*1) 7/ al/2 d CoshIntegral [d x]
Cos|+——————] sinIntegral | ————— -idx]| || +Cosh[c] +
b1/3 b1/3 a2
1/3 1/3 1/3 1/3 1/3
[(22—21 (-1)*?+21 (—1)2/3) [—M—dmshlntegral[d (a +x|] sinh[ d} +dCosh[a d} SinhIntegral|d [a +x]]])/
al/3 1 pl/3 pl/3 bl/3 bl/3 bl/3

e (1) o (12 0 00)

(21_22 (-1)*?+21 (_1)2/3) b?/3 Cosh[dx] Pt CoshIntegral|d —Mu ] Sinh[w -
b1/3 ( (71)1/3 31/3 B b1/3 X) b2/3 b1/3 b1/3
-1 1/3 1/3 ¢4 1 1/3 1/3 4
cOsh[Hbl—;] SinhIntegr‘al[Hbl—/jdx] / (3 -1+ (-2)2) (24 (-1)"?)7a%2) -

1/3 1/3 1/3 1/3

[(2 bl/3 _3 (—1)1/3 bl/3 .3 (—1)2/3 b1/3) Cosh| d] CoshIntegr‘al[a d +dx] —Sinh[a d] SinhIntegr‘al[a d +dx] /
b1/3 b1/3 b1/3 b1/3

1
S1a (-1)Y3) (14 (-2)73)%a2bt3) .
e e et
Cosh[d x] 1

(2267221 (1) Y24 21 (1) p?2)

pl/3 ( (_1) 2/3 41/3 | p1/3 x) b2/3

(71> 2/3 a1/3 d

b1/3

<71> 2/3 a1/3 d

b1/3

(71> 2/3 a1/3 d

b1/3

(71> 2/3 a1/3 d

d |CoshIntegral|
b1/3

+dx} Sinh[ ] —Cosh[ ] SinhIntegr‘al[ +dx]
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_1> 1/6 al/’3d

b1/3

(_1>1/6 a1/3 d

(2672 -3 (-1)*2b¥2 43 (-1)* b22) | Cos| ( s

| CosIntegral|-

/

(36222 (~1)12 b3 43 (1) 22 b1

+Jidx]+

(71> 1/6 a1/3 d

b1/3

(71> 1/6 a1/3 d

Sin|
b1/3

| sinIntegral| -idx]|

1

1+ (71)1/3)2 a? b1/3

([-2e (-2)*2) (20 (-2)22) a0 -

(71)5/681/3(1 (71)5/6 a1/3d (71)5/681/3(1 <71>5/6 a1/3d
Cos[—] CosIntegral [— —F——+1id x} + Sin[—] SinIntegral [ —F—-1id x] +
b1/3 b1/3 b1/3 b1/3
1 SinhIntegral[d x] 1/3 1/3 11/3 2/3 ,1/3
= |-Cosh[c] [(2b/3(1) bt/3+3 (-1) b/)
2 a2
a1/3 a1/3 d a1/3 a1/3
-CoshIntegral|[d [ +x| | Sinh| | +cosh| | sinhIntegral|d ( +x|] J/
b1/3 b1/3 b1/3 b1/3
((71+ (71)1/3) (1+ (71)1/3)2a2 b1/3) N (21722 (-1)*2+21 (71)2/3) bl/3 | - Sinh[dx] LB
pl/3 (_ (_1)1/3 al/3 , pl/3 x) b2/3
(71)1/3 a1/3d <71>1/3 a1/3d (71)1/3 a1/3d (71)1/3 a1/3d
d |Cosh| ~—"————] CoshIntegral [- ——————— +dx| - Sinh[~——————] SinhIntegral [ ~—"——— —dx}J /
b1/3 b1/3 b1/3 b1/3
(3 (71+ (71)1/3) (1+ (71)1/3)2a5/3) + (22721 (-1)*3 421 (71)2/3) pr/3 | Sinhldx] N

b1/3 <a1/3 + b1/3 X)

p1/3 pl/3 pl/3 pl/3

b2/3 / (3 (_1+ <_1>1/3) (1+ (—1)1/3)2a5/3) i

d (Cosh [ &] CoshIntegral | a2d g x| - Sinh| ﬂ] SinhIntegral| ald g x|

1

3 (14 (—1)1/3)2a5/3

Sinh[d x] 1

p1/3 ((_1)2/3 al/3 4 pl/3 x) ’ b2/3

(2267221 (1) Y24 21 (1) p?2)

(_1)2/3 al’3 g (_1)2/3 al’3 g <_1>2/3 al’3 d <_1>2/3 al/3
d |[Cosh[ ~——————| CoshIntegral [ ~—————— +dx| - Sinh| ~——————] SinhIntegral [ ~—"————+dx] || +
b1/3 b1/3 b1/3 b1/3
1 1/6 1/3 ¢ 1 1/6 1/3 ¢ 1 1/6 1/3 ¢
(J‘L (2 b3 -3 (-1)"?p?24+3 (-1)*7 b1/3) CosIntegr‘al[—()—a+ idx] Sin[()—a] —Cos[H—a] SinIntegral]
b1/3 b1/3 b1/3



64 | 6.2 Hyperbolic cosine.nb

(_1> 1/6 41/3 4

b1/3

1

(1+(-1)) a2 b1

—Jidx]

//((-1+(-1)”3)(1+(-1)”ﬂ2a2b”3)+

i(30Y2-2(-1)" b2 43 (1) b1

_1> 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

b1/3

(_1> 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

CosIntegral|-
bl/3

+idx]| sin] | - cos| | sinIntegral]

jdxw -

1/3 1/3 1/3
sinh[c) | Soshintegralldx) | [(22-—21 (-1)*?+21 (-1)2/3) L—E———EEEELEJSL—-dCoshIntegral[d [a +x|] Sinh[a d} +
a2 al/3+b1/3X b1/3 b1/3
d Cosh| e | sinhIntegral|d £+x ] / (3 (—1+ (—1)1/3) (1+ (—1)1/3)2a5/3 b1/3) +
hl/3 pl/3
1 1/3 J1/3
(21-22 (-1)*2 421 (-1)*?) b?2 Cosh[dx] + ——d |coshintegral [d ) ]
hl/3 ( <_1> 1/3 41/3 _ p1/3 x) p2/3 bl/3
. (71>1/3 a1/3d (71)1/3 a1/3d ) (71)1/3 a1/3d )
Slnh[T] —Cosh[ 173 ] SlnhIntegral[T—dX} / (3 (_1+ <_1>1/3) (1+ (—1)1/3) 35/3) _
1/3 1/3 1/3 1/3
((2 b3 -3 (-1)*3p'2 43 (-1)%7 b1/3) (COSh[ d] CoshIntegr‘al[a d +dx] —Sinh[a d} SinhIntegr‘al[a d +dx] /
b1/3 b1/3 b1/3 b1/3
1 Cosh[d x]

((71+(71)”3)(1+(71)”ﬂ2a2b”3)+ (22b”3721<71>”3b”3+21(71)N3b”3) -

3 (1+ (_1)1/3)2 25/3 ) pl/3 ((_1>2/3 al/3 , pl/3 x)

1 (_1>2/3 al/’3d (_1)2/3 al/’3d (_1>2/3 al/’3d (_1>2/3 al/’3d
——d |CoshIntegral| +dx] sinh| | - cosh| | sinhIntegral] wdx] || -
2/3 b1/3 b1/3 b1/3 b1/3
_1)1/6 g1/3 4 _1)1/6 31/3 4 _1)1/6 g1/3 g
((2 b3 -3 (-1)*?b'34+3 (-1)*7 b1/3) Cos[()—a] CosIntegr’al[f()—aJr idx] +Sin[()—a] SinIntegral|
b1/3 b1/3 b1/3
1 1/6 1/3d
H—aijdx] /((71+ (71)1/3) (1+ (71)1/3)232b1/3) _ 1 3b1/372(—1)1/3b1/3+3 (71)2/3b1/3)
pl/3 (1+ (71)1/3)2a2 hl/3

(71> 5/6 a1/3 d

b1/3

<71> 5/6 a1/3 d

b1/3

(71> 5/6 a1/3 d

b1/3

(71) 5/6 a1/3 d

b1/3

Cos| | CosIntegral|- +idx] +sin| | sinIntegral] +

-ndxu

1 Cosh[c] SinhInteng'al [dx] ~ [ (2 bl/3 _3 (_1) 1/3 p1/3, 3 (_1> 2/3 b1/3)
2 a
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a1/3 a1/3d a1/3d a1/3
-CoshIntegral|[d [ +x| | Sinh| | +cosh| | sinhIntegral|d ( +x) ] ] J/
b1/3 b1/3 b1/3 b1/3
((-1+ (-1)1/3) (1+ (-1)1/3)2a2 b1/3) N (21-22 (-1)*2+21 (-1)2/3) bl/3 | - Sinh[dx] LB
bl/3 (_ (-1)23 a3, p/2 x) b2/3

(71) 1/3 a1/3 d

b1/3

<71>1/3 a1/3 d

b1/3

(71) 1/3 a1/3 d

b1/3

(71) 1/3 a1/3 d

d |Cosh]| | CoshIntegral]- +dx| -Sinh| | sinhIntegral]| S dx]| J
b

/

Sinh[d x]

(3 (71+ (71>1/3) (1+ (71)1/3)235/3) + (22721 (-1)% 21 (—1)2/3) pl/3 | _ S5 (a1 b +

d (Cosh [ al/zd

L ] CoshIntegral [ a::% +d x} - Sinh [ aliZd ] SinhIntegral [ a;’;;d +d x]

b2/3 - / (3 (_1+ <_1>1/3) (1+ (—1)1/3)2a5/3) *

1

3 (1+ (—1)1/3)2a5/3

Sinh[d x] 1

p1/3 ((_1)2/3 al/3 4 pl/3 x) " b2/3

(22 b3 21 (-1)Y2 b3+ 21 (-1)23 b1/3)

(_1)2/3 al/3 d (_1)2/3 al’3 d <_1>2/3 al’3 d <_1>2/3 al’3d
d |[Cosh[——"————] CoshIntegral| +dx] - Sinh[~—"————| SinhIntegral| wdx] ||+
b1/3 b1/3 b1/3 b1/3
1 1/6 1/3d 1 1/6 1/3d
(J‘L (2b1/3—3 (—1)1/3b1/3+3(—1)2/3b1/3) CosIntegral[——( ) "2 +idx] Sin[—( " a |-
b1/3 b1/3

1 1/6 1/3d 1 1/6 1/3d
()—a} SinIntegr‘al[()—a

COS[ 1/3 1
b b /3

-idx|

/

i(30%2-2(-1) b1 43 (-1)7 2 b1

1

(1+(-2)) a2 b1

((-2+(-1)*?) (2+ (-1)1/3)2a2 b3 +

(_1> 5/6 a1/3 d

b1/3

(_1> 5/6 a1/3 d

b1/3

(_1> 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

CosIntegral [—
b1/3

+1d x] Sin [ ] - Cos[ } SinIntegral [

jdx}) +

1/3 1/3 1/3
sinh[c) | Seshintegralldx) | [(2221 (-1)*2+21 (-1)*7) [Mdmshlntegral[d [a v x| ] sinn[ 22
a2 a1/3+b1/3x b1/3 b1/3
d Cosh| . | SinhIntegral|d (al/3+x)})]/ (3 (—1+ (—1)1/3) (1+ (—1)1/3)2a5/3 b1/3) +
b1/3 b1/3
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1 1/3 J1/3
(21-22 (-1)*?+21 (-1)2/3) bt/3 Cosh[dx] L CoshIntegral|d [_()7a+x ]
p1/3 (<_1>1/3 al/3 _ pl/3 X) p2/3 pl/3
) (_1)1/3 a1/3d (_1)1/3 a1/3d ) (_1)1/3 a1/3d )
Slnh[T] —Cosh[T] SlnhIntegral[T—dX} / (3 (71+ (,1>1/3) (1+ (71>1/3) 35/3) _
1/3 1/3 1/3 1/3
((2 b3 -3 (-1)*?b'3 43 (-1)*7 b1/3) (Cosh[a d] CoshIntegr‘al[a d +dx] —Sinh[a d} SinhIntegr‘al[a d +dx] /
b1/3 b1/3 b1/3 b1/3
1 Cosh[d x]

((—1+ (—1)1/3) (1+ (-1)1/3)2a2 b1/3) N (22 bt/3 21 (-1)Y2p23 421 (-1)23 b1/3) -

3 (1+ (71)1/3)2a5/3 pl/3 ((_1>2/3 al/3 , pl/3 X)

(_1> 2/3 a1/3 d

b1/3

(_1) 2/3 a1/3 d
bl/3

(_1> 2/3 a1/3 d

b1/3

_1> 2/3 al/’3d

b1/3

1 . .
b27d CoshIntegral| +dx] sinh| | - Cosh| | sinhIntegral| +dx]

(71)1/631/3(1 (71)1/631/3(1
| CosIntegral|-
b1/3 b1/3

|/

3pl/3_2 (_1> /34173 , 3 (_1) 2/3 b1/3)

“2b”3-3(-nl”b”3+3(-ﬂ2”b”ﬂ Cos | cidx]

(71> 1/6 a1/3 d

b1/3

(71> 1/6 a1/3 d

Sin[
b1/3

} SinIntegr‘al[ -1id x]

1

(1+(-2)) a2 b1

[+ (-2)*2) (22 (-0)22) a0 -

(_1> 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

b1/3

(_1> 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

Cos|
b1/3

| cosintegral|- +idx]| +Sin| | sinIntegral]|

idxw

Problem 107: Result is not expressed in closed-form.

x> Cosh[c +d x]
J—dlx

(a+bx3)3

Optimal (type 4, 784 leaves, 36 steps):
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(-1)%7d?cosh|[c+ 4’—1%] CoshIn‘cegr‘al{i’—l)l/ga—l’/é‘j ~dx]

x3 Cosh[c+dx] Cosh[c+dx] p1/3 b/
- - +

6b (a+bx?)? 6b? (a+bx3) 54 al/3 p8/3

(71) 173 42 cosh [C _ 1’—1%} CoshIntegral [7 (1)?Pald d X} d2 cosh [C B al,/;/d ] CoshIntegral [ a4 | g X}
pl/3 pl/3 bi/3 oy
N +

54 a1/3 b8/3 54 a1/3 b8/3

2 d CoshIntegral | at2d g x| sinh|[c - ﬂ] 2 (-1)*? d CoshIntegral | LNaRd g x| Sinh[c + 1’—1%}

pl/3 pl/3 pl/3 pl/

27 32/3 p7/3 - 27 32/3 p7/3 N
B 2/3 (1 2/3 31/3 ¢4 B . (1 2/3 31/3 4
2 (-1)*°d CoshIntegral | 1—)—b1/3 d x| sinh|c 1—)—b1/3 ] dxSinh[c +dx]
27 a%/3 p7/3 18b% (a+bX3)
2 (~1)Y3dcosh[c + CL2a2d ) ginhIntegral [ L2222 d gy ~1)¥3d2sinh[c+ L2224 gippTntegral [ LR gy
pl/3 g 1/3 bl/3 g bl/3
27 a2/3 b7/3 " 54 a1/3 b8/3 N
2dCosh[c- 229] sinhIntegral 229 . dx| d2Sinh[c- 229] sinhIntegral| 229 ; dx
p1/3 g p1/3 p1/3 g bl/3
27 a2/3 p7/3 - 54 31/3 p8/3 i
2 (-1)%3dcosh[c- 22222 d] giphIntegral [ FL2222d | gy -1)Y3 d2 sinh c—l’—lm SinhIntegral l’—”Merx
p1/3 g b1/3 bl/3 g bl/3
2/3 7/3 i 1/3 p8/3
27 a*’> b 54 a'/>b

Result (type 7, 397 leaves):

; d RootSum|[a + b 1> &,
108 b

% (-4 Cosh[c+dn1] CoshIntegral [d (x -1i1) ] + 4 CoshIntegral|d (x - 1) | Sinh[c+d#1] +4 Cosh[c +d 1] SinhIntegral|d (x-=1) ] -
ol
4sinh[c+du1] SinhIntegral|d (x-#1) ] +dCosh[c+d 1] CoshIntegral|d (x - 1) ] #1 -d CoshIntegral|d (x-#1) | Sinh[c+d 1] #l -
d Cosh[c +d1] SinhIntegral|d (x - 1) | #1+dSinh[c+d 1] SinhIntegral|d (x-#1) ]| =1) &) +
d RootSum|[a + b1 &, iz (4 Cosh[c +dnl] CoshIntegral [d (x -=1) | +4 CoshIntegral|d (x-=1) | sinhfc+du1] +
ol
4 Cosh[c +du1] SinhIntegral|d (x-#1) ] +4Sinh[c+d#1] SinhIntegral|d (x - 1) ] +d Cosh[c+d 1] CoshIntegral|d (x -#1) | #l+
d CoshIntegral [d (x-=1) | sinh[c+d 1] 51 +dCosh[c+d=1] SinhIntegral|d (x-=1) | =1+

6b (3 (a+2bx?) Cosh[c+dx] +dx (a+bx?) Sinh[c+dx])

(a+bx3)2

dSinh[c+dn1] SinhIntegral|d (x -#1) | #1) &) -
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Problem 108: Result is not expressed in closed-form.

x4 Cosh[c +dx]
j— dx

(a+bx3‘)3

Optimal (type 4, 1105 leaves, 47 steps):

(-1)%7 cosh|[c + 4’—1%] CoshIntegral[i*—l)ma—W ~dx]

Cosh[c+dx] x%2Cosh[c+dXx] Cosh[c +dx] p1/3 /s
9ab2x 6b(a+bx3)2 _9b2x(a+bx3)_ 27 a%/3 p5/3 )
(-1)%°d? Cosh[c+‘—1)1/:/3—m} CoshIntegr‘al[3’—”::/:—1/3 dx] (-1)*?cosh[c- 1’—1)%] CoshIntegral |- 1’—1):’1;3—1’/3‘1de]
54 a2/3 b7/3 " 27 a4/3 b5/3 *
(-1)? d2 Cosh|c - 1’—1)%} CoshIntegr‘al[—i’—l)Z;a—W—dx} Cosh|[c - ab/ 2] CoshIntegr‘al[ +dx]
54 a2/3 b7/3 N 27 a4/3 b5/3 "
d? Cosh|[c - ab’ <] CoshIntegral [ a”d g x| d CoshIntegr‘al[ +dx] sinh|c - %]
54 a2/3 b7/3 : 27 ab? :
dCoshIntegr‘al[l’—l%—dx] Sinh[c+ 4—1%} dCoshIntegr‘al[—l’—l%—dx} Sinh[c - 1—1)::/3—1/3‘1] dsinhic+dx]
27 a b2 . 27 a b2 182 (arbx?)
d Cosh [c n 4—1):13/3—1/3‘1] SinhIntegral [ l’—”% -d x} (—1) 23 5inh [c n ii)%] SinhIntegral [ 1’—1)% -d x]
27 ab? : 27 34/3 p5/3 *
(-1)%? d?sinh[c+ 3’—1%} SinhIntegr‘al["—l%—dx] d Cosh|c - ab’ d} SlnhIntegr‘al[ +dx}
54 a2/3 p7/3 ) 27 ab? )
Sinh|c - ab/ 4] sinhIntegral [ a2d g x| d?sinh|c- ab/ d} SlnhIntegr‘al[ +dx| dCosh[c- 1—1):133—”] SinhIntegral| i’—l)::‘—md +dx|
+ - +
27 a#/3 p5/3 54 a2/3 p7/3 27 ab?
(-1)*?sinh[c- i’—l)z;a—m] SlnhIntegral[l’—l)% +dx| (-1)*?d?sinh[c- 1’—1%] SinhIntegr‘al["—l):;;a—W+dx}
27 a4/3 b5/3 * 54 a2/3 b7/3

Result (type 7, 675leaves):
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1
RootSum|a + b1’ &, ——
108 a b3 12

(ad?Cosh[c+dn1] CoshIntegral|[d (x - 1) ] - ad? CoshIntegral|d (x - 1) | Sinh[c+dn1] - ad? Cosh[c+dn1] SinhIntegral[d (x -#1) ] +
ad’sinh[c+dnl] SinhIntegral[d (x-1)] +2bCosh[c+d1] CoshIntegral|d (x-#1) | #1-2b CoshIntegral|d (x - #1) |
Sinh[c+dn1] #1-2bCosh[c+du1] SinhIntegral|d (x-#1) | #1+2bSinh[c+dnl] SinhIntegral|d (x - 1) | #l+

2bdCosh[c+dn1] CoshIntegral|d (x-n1) | #12 - 2bd CoshIntegral|d (x - #1) | Sinh[c+d 1] #1% -

2bdCosh[c+du1] SinhIntegral|d (x-#1) | #1?+2bdSinh[c+d#ul] SinhIntegral[d (x - 1) ] #1%) &] -
RootSum|a + b #1* &, % (-ad?Cosh[c+du1] CoshIntegral|d (x-#1) | - ad?CoshIntegral[d (x -#1) ] Sinh[c+d®n1] -

=Y

ad”Cosh[c+dn1] SinhIntegral|d (x-#1) | -ad?Sinh[c+d#1] SinhIntegral|d (x-#1)] -

2bCosh[c+dn1] CoshIntegral|d (x - 1) | #11 - 2b CoshIntegral|d (x - #1) | Sinh[c +d=1] #1 -

2bCosh[c+dw1] SinhIntegral|d (x-#1) | #1-2bSinh[c+d 1] SinhIntegral|d (x-#1) ] #l+

2bdCosh[c+du1] CoshIntegral|d (x-#1) | #12+2bd CoshIntegral|d (x - #1) | Sinh[c+d 1] #1%+

2bdCosh[c+dn1] SinhIntegral|d (x-#1) | #12+2bdSinh[c+dnl] SinhIntegral[d (x - 1) ] #1?) &] +
6bCosh[dx] (bx? (-a+2bx3) Cosh[c] -ad (a+bx?) Sinh[c])

N

(a+bx3)2
6b (-ad (a+bx?) Cosh[c] +bx? (-a+2bx?) Sinh[c]) Sinh[dx]

(a+bx3>2

1
1

Problem 109: Result is not expressed in closed-form.

x3 Cosh[c +dx]
J— dx

(a+bx3)3

Optimal (type 4, 776 leaves, 71 steps):
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(1) cosh[c+ "—1&} CoshIntegr‘al["—l)Ll/3d -dx]|

Cosh[c+dx] xCosh[c+dx] Cosh[c +dx] pl/3 bl/3
18 a b2 x2 6b(a+bx3)2 18 b2 x2 (a+bx3) 27 a%/3 b*/3
d? Cosh|[c + ﬂ%} CoshIn‘cegr‘al[ii):fsi d x| (—1)2/3 Cosh|[c - 1—1)%} CoshIntegr‘al[—i’—l%—dx}
. _
54 a b? 27 a°/3 p4/3
d? Cosh|[c - 1’—1%} CoshIntegr‘al[—‘i)M—dx} Cosh|c - at. d} CoshIntegr‘al[ +dx]
bl/3 pl/3 bl/3
. _
54 a b2 27 a°/3 p4/3
2 a/ d 1/3 . 113 1/3 -1 /3a13
d? Cosh|[c - - ] CoshIntegr‘al[ +dx} dsinh{c+dx] dSinh[c+dx] (-1)*?sinh[c+ 1—)—[’1/3 ] SlnhIntegr‘al[i—)—/ d x|
+ - + +
54 a b? 18 a b? x 18 b%x (a+bx?) 27 a°/3 p*/3
d?Sinh[c+ 1—1)%} SinhIntegral| 1'—1);/3# dx] Sinh[c- S ] SinhIntegral [ +dx] d?sinh|c- ab’ ¢| sinhIntegral [ +dx]
- + - +
54 a b2 27 a3 p*/3 54 a b2
(—1)2/3 Sinh[c - l’—l)::/:’—m] SlnhIn‘cegr‘al[4’—1):)13:‘—13 +dx| d?Sinh[c- 1’—1%} SinhIntegr‘al["—l):;j—Werx]
27 a°/3 p%/3 54 a b2

Result (type 7, 429 leaves):

- RootSum|a + b 113 &,
108 a b?

- (-2Cosh[c+dn1] CoshIntegral[d (x - 1) ] + 2 CoshIntegral|d (x-#1) | Sinh[c+d#1] +2Cosh[c +d 1] SinhIntegral|d (x-#1)] -
=1

2Sinh[c+dnl] SinhIntegral|d (x - 1) | +d? Cosh[c +d 1] CoshIntegral[d (x - #1) | #1% - d? CoshIntegral|d (x - 1) |
Sinh[c+d®n1] #1? - d® Cosh[c +d 1] SinhIntegral|d (x - #11) | #1% + d® Sinh[c + d #1] SinhIntegral|d (x - #1) | #1?) &] +
RootSum[a + b #1* &, % (-2 Cosh[c+d#1] CoshIntegral|d (x-1)] - 2 CoshIntegral[d (x - #1) | Sinh[c+dul] -
7l
2 Cosh[c+d1] SinhIntegral|d (x -#1) | - 2Sinh[c +d 1] SinhIntegral|d (x - 1) | +d?Cosh[c +d 1] CoshIntegral|d (x - 1) | 112+
d” CoshIntegral[d (x - 1) ] Sinh[c+dn1] #1? + d* Cosh[c + d 1] SinhIntegral[d (x - #1) ] 1%+
6bx ((-2a+bx?) Cosh[c+dx] +dx (a+bx?) Sinh[c+dx])

d’>Sinh[c +d=1] SinhIntegral|d (x - =1) | #12) &] -
<a+bx3)2

Problem 110: Result is not expressed in closed-form.

dx

sz Cosh[c +dx]
(a + bx3)3

Optimal (type 4, 781 leaves, 37 steps):
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(-1)%7d?Cosh|[c+ 4’—1)@] CoshIntegr‘al{i’—lm ~dx|
b/3 b1/3

Cosh[c +dx]

+

6b<a+bx3)2 54a4/3b5/3

(-1)*?d? Cosh|c - 1—1&} CoshIntegr‘al[—i’—lmfdx} d2 Cosh|[c - 2 e CoshIntegral[ +dx}
p1/3 b1/ . b1/ .
54 a%/3 p>/3 54 34/3 p5/3
d CoshIntegr‘al[ +dx] sinh[c- 224] (-1)%° d CoshIntegral| (& SEAT VAT R x] sinh|[c+ (11222 d ]
bl 3 bl//3

b1/3
+

27 a5/3 b4/3 27 a5/3 b4/3

_1)2/331/3 4 . _1)2/3 31/3 ¢4
Hr4 - dx] sinh[c- ] dsinh[c:dx] dSinh[c:dx]

p1/3 pl/3
+

(-1) 2% d CoshIntegral |-

+

27 a5/3 pA/3 18 ab? x? 18 b x? (a+bx3)

(-1)*?dcosh[c+ 1'—1)%] SlnhIntegr‘al[i'—l)% dx] (-1)*?d?sinh[c+ 1'—1);;:—”] SlnhIntegr‘al[ii):—13 dx|
- +
27 35/3 b4/3 54 a4/3 b5/3
dCosh|c - ab’ ’d | sinhIntegral [ +dx| d?Sinh|c- " } SlnhIntegral[ +dx|
+ +
27 a5/3 b4/3 54 a4/3 b5/3
(-1)*?dcosh[c- 1’—1&] SlnhIntegr‘al[i’—lm dx] (-1)*?d?sinh[c- 4—_1)%] SinhIntegral ﬂerdx}
b1/3 b1/3 bl/3 b1/3
- 54 a4/3 b5/3

27 a5/3 b4/3

Result (type 7, 423 leaves):

1 3
- d RootSum [a +bal® &,

108 a b?

(2 Cosh[c+dn1] CoshIntegral[d (x -#1) | - 2 CoshIntegral|d (x-#1) | Sinh[c+d#1] -2 Cosh[c +d#1] SinhIntegral|d (x - 1) |

112
2Sinh[c+dn1] SinhIntegral[d (x -#1) | +dCosh[c+d#1] CoshIntegral|d (x - 1) | #11 - d CoshIntegral[d (x - 1) |

Sinh[c+dn1] #1 -dCosh[c+dnl] SinhIntegral|d (x -#1) ]| #1+dSinh[c+d=1] SinhIntegral|d (x - 1) | #1) &] +

s % (-2Cosh[c+dn1] CoshIntegral [d (x-=1) | - 2 CoshIntegral|d (x-=1) | sinh[c+du1] -

=1
2 Cosh[c+dn1] SinhIntegral[d (
d Cosh[c +d 1] CoshIntegral|d (
d Cosh[c +d#1] SinhIntegral|d (
x] (- 3

d RootSum|a + b 1> &
x-#1) | -2Sinh[c+d#1] SinhIntegral|d (x-#1) ] +

X - ttl)] t11 + d CoshIntegral d (x—iil)] Sinh[c+dal] #1 +

x - 1) | 51+ dSinh[c+d#1] SinhIntegral|d (x—ttl)] 1) &] -

6 b Cosh| 3aCosh[c] +dx (a+bx?) Sinh[c]) 6b (dx (a+bx?) Cosh[c] -3aSinh[c]) Sinh[dx]

<a+bx3)2 <a+bx3)2
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Problem 111: Result is not expressed in closed-form.

dx

JxCosh[Cerx]
(a+bx3)3

Optimal (type 4, 1147 leaves, 89 steps):

2 (—1)2/3 Cosh|[c+ 4—1&} CoshIntegral[M dx]

Cosh[c+dx] 2Cosh[c+dx] Cosh[c+dx] Cosh[c +dx] pl/3 pl/3
- + - + - +
18 a b2 x4 9a2bx 6bx(a+bx3>2 18 b2 x4 (a+bx3) 27 a’/3 p2/3
(-1)* dZCosh[c+3—1)1/3/—} CoshIntegr‘al["—lm dx] 2 (-1)*? Cosh[cfi’—l)u] CoshIntegral [- 12224 ]
1/3 p1/3 p1/3 p1/3
N _
54 a5/3 b4/3 27 a7/3 b2/3
(-1)? d2 Cosh|c - 1—1)%} CoshIntegr‘al[—i’—l%—dx} 2 Cosh|[c - ab’ d] CoshIntegr‘al[ +dx]
54 a5/3 b4/3 N 27 a7/3 b2/3 B
d? Cosh|[c - ab’ 4] coshIntegral [ a”d g x| 2d CoshIntegral[ +dx] sinh|c - a;ild ]
54 a°/3 p4/3 27 a%b
2 d CoshIntegral| 1—1)% d x| Sinh[c+ Q%] 2d CoshIntegral|- 1’—1)::—1’% ~dx] sinh[c - 3’—1):33—1%}
- - - +
27 a’b 27 a’b
_1)1/3 31/3 ¢4 . _1)1/3 31/3 ¢4
dSinh[c+dx] dSinh[csdx] 2dCosh[c+ = “] SinhIntegral[ = "< - d x|
- + +
18 a b2 x3 18b%x3 (a+bx3) 27a%b
2 (-1) 2?sinh[c+ 1’—1%] SinhIntegral| NC SLAT WAL R x| (—1)1/3 d?sinh[c+ 1—1&] SinhIntegr‘al[i’—l)Ll/3d - dx]
p1/3 p1/3 p1/3 p1/3
27 a7/3 b2/3 54 aS/3 b4/3
2dCosh[c— ] SlnhIntegr'al[ +dx] 2Sinh|[c - } SlnhIntegr‘al[ +dx}
/3 b1/3
27a%b 27 a’/3 p?/3
d?sinh|c - ab’ d] SlnhIntegr‘al[ +dx} 2dCosh|c - 1’—1%] SinhIntegral[l’—l)%erx}
— . ! +
54 a°/3 p4/3 27 a%b
2 (-1)*?sinh|[c- 1’—1&] SlnhIntegr‘al[i’—lm dx] (-1)*?d?sinh[c- 1—1)2/3—1/3‘1] SinhIntegr‘al[i’—l)M+dx}
p1/3 p1/3 p1/3 1/3
27 a7/3 b2/3 - 54 aS/3 b4/3

Result (type 7, 669 leaves):
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1
108 a2 b?

RootSum|a + b #1? &, % (-ad?Cosh[c+du1] CoshIntegral|d (x-#1) | +ad®CoshIntegral|d (x-#1)] Sinh[c+d#1] +ad?Cosh[c+d#1]
=1
SinhIntegral|d (x-#1) ]| -ad?Sinh[c+d#1] SinhIntegral|d (x-#1) ]| +4bCosh[c+d#1] CoshIntegral[d (x-u1)] #l-
4b CoshIntegral[d (x -#1) | Sinh[c+d 1] #1-4bCosh[c+dn1] SinhIntegral|d (x-#1) | #1+4bSinh[c+dnl]
SinhIntegral|d (x-#1) ]| #1+4bdCosh[c+dnl] CoshIntegral[d (x-#1)] #1%-4bd CoshIntegral|d (x-u1)] Sinh[c+d 1] 112 -
4bdCosh[c+dnl] SinhIntegral|d (x-#1) | #1%+4bdSinh[c+du1] SinhIntegral|d (x -=1) | u1?) &] -
RootSum|a + b #1® &, % (ad?Cosh[c+dnl] CoshIntegral[d (x -#1) ] + ad? CoshIntegral|d (x - #1) | Sinh[c+dnl] +
o1
ad? Cosh[c +d#1] SinhIntegral|d (x - 111” +ad?Sinh[c+d#1] SinhIntegral|d (x—ml)} -
4bCosh[c+d#l] CoshIntegral|d (x-1) ] #1 -4 b CoshIntegral|d (x-#1) ] Sinh[c+d=1] =1 -
4bCosh[c+dul] SinhIntegral|d (x-1)] #1-4bSinh[c+du1] SinhIntegral[d (x - 1) |1+
4bdCosh[c+dnl] CoshIntegral|d (x - 111) | #1% + 4bd CoshIntegral|d (x-1) ] Sinh[c+d 1] #1? +
4bdCosh[c+dnl] SinhIntegral[d (x-#1) | #1% +4bdSinh[c +d 1] SinhIntegral|d (x - =1) | #12) &] +

6bCosh[dx] (bx? (7a+4bx?) Cosh[c] +ad (a+bx?) Sinh[c]) 6b (ad(a+bx?) Cosh[c]+bx?(7a+4bx?)Sinh[c]) Sinh[dXx]
+

(a+bx3>2 (a+bx3’>2

Test results for the 68 problemsin "6.2.3 (e x)"m (a+b cosh(ctd x*n))*p.m"

Problem 3: Result more than twice size of optimal antiderivative.

Jx Cosh[a + bxz] dx

Optimal (type 3, 15leaves, 2 steps):
Sinh[a+bx?]
2b
Result (type 3, 31leaves):
Cosh[bx?] sinh[a] Cosh[a] Sinh[bx?]

+

2b 2b

Problem 67: Result is not expressed in closed-form.

JCosh[a+b (c+dx)1/3} 5
X

X
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Optimal (type 4, 232 leaves, 13 steps):
Cosh[a+bc??] CoshIntegral[b <c1/37 (c+dx)1/3)] +Cosh[a+ (-1)*?bc??] CoshIntegral[-b (<71)2/3 cl/3 - (c+dx)1/3>} +

Cosh[a- (-1)%?bc??] CoshIntegral|[b ((71)1/3 3. (c+dx)1/3)] - Sinh[a+bc??] sinhIntegral[b (c1/37 (c+dx)1/3>] -

Sinh[a+ (-1)*?bc"?] sinhIntegral[b ((—1)2/3 cl/3 (c+dx)1/3)] +Sinh[a- (-1)?bc"?] sinhIntegral[b ((—1)1/3 3 (c+dx)1/3)]

Result (type 7, 231 leaves):

1 (RootSum[c - 1113 &, Cosh[a+b 1] CoshIntegral[b ( c+dx)*? - )] - CoshIntegral|b ((c +dx)*t? 7111)] Sinh[a+bnl] -
2

(
Cosh[a+bi1] SinhIntegral[b ( ( ( crdx)? Hl)} +Sinh[a+b#1] SinhIntegral[b ((c rdx)? —HlH &| +

RootSum|c - #1% &, Cosh[a +b#1] CoshIntegral[b ((c+dx)** - H + CoshIntegral[b ((c+dx)1/3—tt1)} Sinh[a+bnl] +
Cosh[a+bn1] SinhIntegral[b | ( ( c+dx) 1/3 HlH +Sinh[a+b#1] SinhIntegral|b ((c +dx)1/3 —Hl)} &])

Problem 68: Result is not expressed in closed-form.

dx
2

JCosh[a+b (c+dx)*?]

X

Optimal (type 4, 329 leaves, 14 steps):
Cosh[a+b (c+dx)*?] bdCoshIntegral (b <c1/3 - (c+dx) 1/3) | sinh[a+bct/3]

+ _
X 3C2/3

(71)1/3deoshIntegr'al[b ((71>1/3 cl/3 (c+dx)1/3)} Sinh[a— (71)1/3bc1/3]

+
3 C2/3

(—1)2/3 bd CoshIntegral|-b ((—1)2/3 <3 (c +dx)1/3>] Sinh[a+ (—1)2/3 bcl/?]

3 c2/3

bdCosh[a+bcl/?] SinhIntegral|b (c1/37 (c+dx)1/3)} (-1)*?bdcosh[a+ (-1)*°bcl/3] sinhIntegral|b ((71)2/3 cl/3 - (c+dx)1/3)]

3 ¢c?/3 3 ¢2/3

(_1)1/3bdcosh[a_ (_1)1/3bc1/3} SinhIntegral|b ((_1)1/3 /3, (c+dx)1/3)]

3 c2/3

Result (type 7, 211 leaves):
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e ExpIntegralEi b ( (crdx)™? - Hl) ]

-a

1 3
— |bdxRootSum|[c - 1113 &,

6 X 712 &} e

-3 e—b (c+d x)1/3 [1 + eZ (a+b (c+d x)1/3)]

bd x RootSum|c - #1° &, iz (Cosh [b#1] CoshIntegral b ((c +dx)*? 7tt1)} - CoshIntegral [b ((c +dx)*? 7111)] Sinh[bt1] -
ol

Cosh[b 1] SinhIntegral|[b ( (c+dx)? - 111) | + Sinh[b#1] SinhIntegrallb ( (c+dx)? - Hl) ] ) &] )

Test results for the 33 problemsin "6.2.4 (d+e x)"m cosh(a+b x+c x*2)*n.m"

Problem 19: Attempted integration timed out after 120 seconds.

JCosh[a+bx+cx2]2 4
X

X

Optimal (type 9, 32leaves, 2 steps):
Cosh|2a+2bx+2 2
Loglx] | lUnintegr‘able[ osh|[22 X+2cx’]

2 2 X

> x|

Result (type 1, 1leaves):

PP

Problem 23: Attempted integration timed out after 120 seconds.

JCosh[aerxcxz]2 4
X

X
Optimal (type 9, 32leaves, 2 steps):
Log [x]

1 Cosh[2a+2bx-2cx?]
+ = Unintegrable|

2 2 X ]

Result (type 1, 1leaves):

2P
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Test results for the 336 problems in "6.2.5 Hyperbolic cosine functions.m"

Problem 1: Result more than twice size of optimal antiderivative.

JCosh [a+bx] dx

Optimal (type 3, 10leaves, 1 step):
Sinh[a +bx]
b

Result (type 3, 21 leaves):
Cosh[bx] Sinh[a] Cosh[a] Sinh[b x]
+
b b

Problem 75: Result more than twice size of optimal antiderivative.

1
J dx
5+3Cosh[c+dx]

Optimal (type 3, 31leaves, 1step):

Ar‘cTanh[ Sinh[c+d x ]

X 3+Cosh[c+d x]

4 2d

Result (type 3, 65 leaves):

7Log[2Cosh[i (c+dx)]-sinh[> (c+dx)]] ) Log[2Cosh[ 2 (c+dx) | +Sinh[> (c+dx)]]

4d 4d

Problem 76: Result more than twice size of optimal antiderivative.

J ! dx
<5+3Cosh[c+dx])2

Optimal (type 3, 56 leaves, 3 steps):

5 Ar‘cTanh[Mu_dXL]

5 X 3+Cosh[c+d x]

ER 3Sinh[c+dx]
64 32d 16d (5+3Cosh[c+dx])

Result (type 3, 144 leaves):
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N |

(c+dx)] +Sinh| (c+dx)H +

N |

2

= -15Cosh[c +d x] Log[ZCosh[1 (c+dx)] —Sinh[l (c+dx)]] -Log[2Cosh|
2

64d (5+3Cosh[c+dx])
(c+dx)” -12Sinh[c +d x]

N |

(c+dx)]] +Log[2Cosh[ = (c+dx)] +Sinh]

N |
N |

—Log[ZCosh[1 (c+dx)] -sinh|

25
2

Problem 77: Result more than twice size of optimal antiderivative.

J ! dx
(5+3Cosh[c+dx])?

Optimal (type 3, 81 leaves, 4 steps):
Sinh[c+d x }
3Sinh[c+dx] 45Sinh[c +dx]

59 ArcTanh [ 3+Cosh[c+dx] _ B
32d(5+3COSh[C+dX}>2 512d<5+3COSh[C+dX])

59 x
2048 1024 d

Result (type 3, 217 leaves):
59 Log[ZCosh[i (c+dx) ] —Sinh[i (c+dx)]]
2048 d

59Log[2Cosh[% (c+dx) ] +Sinh[§ (c+dx)]]
' 2048 d

4551nh[§ (c+dx)]
.

3

512d (2Cosh[i (c+dx)] —Sinh[i (c+dx”)2

2048d (2cOsh[§ (c+dx)] —Sinh[f (C+dx>])

3 4SSinh[i(c+dxH

512d (2Cosh[2 (c+dx)] +Sinh[2 (c+dx)])® 2048d (2Cosh[} (c+dx)]+sinh[2 (crdx)]]

Problem 78: Result more than twice size of optimal antiderivative.

j ! dx
(5+3Cosh[c+dx])*

Optimal (type 3, 106 leaves, 5 steps):
311Sinh[c +d x]

_Sinh[cedx]
385 x 385 Ar'cTanh[3+COsh[c+dX]] Sinh[c +d x] 25Sinh[c +dx]
32768 16384 d 16d (5+3Cosh[c+dx])?> 512d (5+3Cosh[c+dx])? 8192d (5+ 3 Cosh[c+dx])

Result (type 3, 296 leaves):
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1

131072d (5+3Cosh[c+dx])>

296450Log[2Cosh[§ (c+dx)] —Sinh[% (c+dx)]]+10395Cosh[3 (c+dx) | Log[2Cosh[§ (c+dx)] —Sinh[% (c+dx)]]+

377685 Cosh[c +d x] +

Log[ZCosh[% (c+dx)] —Sinh[% (c+dx)]] —Log[ZCosh[% (c+dx)] +Sinh[§ (c+dx)]]

103950 Cosh |2 (c+dX) |

Log[ZCosh[% (c+dx)] —Sinh[% (c+dx)]] —Log[ZCosh[% (c+dx)] +Sinh[§ <c+dx)H) -
1
|

1
296 450 Log |2 Cosh | =
2

c+dx)] +Sinh[2 c+dx)]]-10395Cosh[3 (c+dx) | Log[ZCosh[% (c+dx)] +Sinh[l (c+dx)]]+

2
175788 Sinh[c +dx] + 84240 Sinh[2 (c+dx) | + 11196 Sinh[3 (c+dx) |

Problem 197: Result more than twice size of optimal antiderivative.

J\/ a+bCosh[x] Tanh[x] dx

Optimal (type 3, 37 leaves, 4 steps):
\/a+bCosh[x]
—} +2+a+bCosh[x]

a

-2+/a ArcTanh [

Result (type 3, 75leaves):
b +aSech[x] - \/?\/FArcSinh[@j;C@] VSech[x] [1+ %M J

b +aSech[x]

2+ a+bCosh[x]

Problem 198: Result more than twice size of optimal antiderivative.

Tanh [x]
J dx
v a+bCosh[x]

Optimal (type 3, 24 leaves, 3 steps):
ZAPCTanh[:amCOSh[X] ]

a

Va
Result (type 3, 60leaves):
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2 \/FAr‘cSinh[ﬁ\/W] b+aSech[x]

b

\a Va+bCosh[x] ~/Sech[x]

Problem 210: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J%dx
a+bCosh[x]?

Optimal (type 4, 191 leaves, 9steps):

X og[ N 2a+b-2+/a /a+b ] B X Og[ " 2a+b+2+/a Ja+b } . oLy og[ ’ 2a+b-2+/a /a+b ] B oLy Og[ ? 2a+b+2+/a a+b ]
2\/?\/a+b Z\E\/a+b 4\/?\/a+b 4\5\/a+b

Result (type 4, 536 leaves):
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1 (a+b) Coth[x] . 2a aTanh[x]
-————— |4xArcTan| ——"———] +2iArcCos|[-1- — | ArcTan|[ ————

4./-a(a+b) \/-a(a+b) b -a (a+b)

(a+b) Coth[x]

a Tanh[x] } Log[ \E«/—a(a+b) e X

2a
ArcCos[-1- =] +2ArcTan| ——————] - 2ArcTan|

b

— ]
\J-a(a+b) \/-a(a+b) Vb \/2a+b+bCosh[2x]
(a+b) Coth[x aTanh[x]

[
[—]]+2Ar‘cTan[7} Log| V2 yJ-afarb) &

2a
ArcCos|-1 - T} -2 ArcTan

]
«/—a(a+b) A/_a(a+b) Vb \/2a+b+bCosh[2x]

)3 aTanh [x] 2 (a+b) (aﬂ'l -a(a+b) ) (-1+Tanh[x])
ArcCos[flfv} -2ArcTan| ————] | Log]

\/-a(a+b) b(a+b+1’11/7a(a+b) Tanh[x]

2 2i (a+b) (1’1a+ 7a<a+b))(1+Tanh[x})
a
ArcCos[-1- =] +2ArcTan[————| | Log|
b \/-a(a+b) bla+b+i./-a(a+b) Tanh[x]
(2a+b72j1 -a(a+b) ) (a+bfj«/7a(a+b) Tanh[x]
b(a+b+1’1 -a (a+b) Tanh[x]
a+b-i./-a(a+b) Tanh[x]
b(a+b+1‘14/—a(a+b) Tanh[x]

] _

a Tanh[x]

] +

i |Polylog|2,

} _

2a+b+21 7a(a+b) )

PolyLog|2, (

]

Problem 224: Result unnecessarily involves imaginary or complex numbers.

J x Sinh[c +dx]
a+bCosh[c+dx]

Optimal (type 4, 161 leaves, 7 steps):

x Log[1+ 2% x Log[1+ 2™ Polylog|2, - —2=“™ ] polylog[2, - —2e*
X2 [ a-+/ a2-b? } { a+\/ﬁ} [ ) a,\/ﬁ} { 3 a+\/ﬁ]
_X v . . )
2b bd bd b d2 b dz

Result (type 4, 279 leaves):
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a+b

1 |1 b (a-b) Tanh[> (c+dx) ]
— —(c+dx)2+4iAr‘cSin[ | ArcTanh| 2 ]+
bd? |2 V2 VaZ_b?
a+b a+b
N (a—m) e-c-dx b (a+m> e-c-dx
c+dx-2iArcSin| ]| Log[1+ | +|c+dx+2iArcSin| || Log[1+ ] -
v 0 7z :

b Cosh[c +dx] (*éHW) e c-dx (a+ az _p? ) e-c-dx
—————————] - PolyLog|2,

a b

clog[1+ | -PolyLog|2, -

o

Problem 232: Attempted integration timed out after 120 seconds.

Sinh[c+dx]?
J dx
X (a+bCosh[c+dx])

Optimal (type 9, 26 leaves, 0steps):
Sinh[c +dx]?

Unintegrable| » X]

X (a+bCosh[c+dx])

Result (type 1, 1leaves):

???

Problem 236: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

xSinh[c+dx]3
J dx
a+bCosh[c+dx]

Optimal (type 4, 288 leaves, 13 steps):
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(a?-b?) xLog[1+ b e? | (a?-b?) xLog[1+&

X <az_bz) x% axCosh[c+dx] a-~/a?-b? a+/ a2-b?

- + + +
4bd 2 b3 b? d b3 d b3 d
(a® - b?) PolyLog|2, - b e? | (a®-b?) Polylog|2, B
a-/a2-b? a+/ a2-b? aSinh[c+dx] Cosh[c+dx]Sinh[c+dx] xSinh[c+dx]?
+ + - +
b3 d2 b3 d? b2 d? 4 b d? 2bd

Result (type 4, 621 leaves):

b Cosh[c+dXx b Cosh[c+dXx
. —8abdxCosh[c+dx1+2b2dxCosh[2(c+dx)]—8a2cLog{l+#]+8b2cLog[l+#
8b°d

a a

+b

1

+b
1 b (a-b) Tanh[> (c+dx) | " a-+a? b2>e*C*dX
8a’ |~ (c+dx)*+4iArcSin| | ArcTanh| 2 | +|c+dx-2iArcSin| || Log[1+ |+
2 \/7 NEY \/? b
b
ab (a+\/a2—b2 ) e cdx (—a+\/a2—b2 ) @ ¢ dx (a+\/a2—b2 ) @ ¢dx
c+dx+21iArcSin| || Log[1+ | - Polylog|2, | - PolyLog|2, -
\/? b b b
a+b a+b
1 b (a-b) Tanh[> (c+dx) | b (a—\/az—b2>e*“dx
8b? | = (c+dx)?+4iArcSin| | ArcTanh| 2 | +|c+dx-2iArcSin| || Log[1+ |+
2 \/7 NEY \/? b
b
% (a+aZ -7 | ecax (-a+aZ-b? | ecax
c+dx+21iArcSin| || Log[1+ | - Polylog|2, | -
NS b b

(a0 a7 5 ) e

PolylLog|[2, - " || +8absinh[c+dx] -b*Sinh[2 (c+dx) ]
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Problem 238: Attempted integration timed out after 120 seconds.

Sinh[c +dx]3
J dx
x (a+bCosh[c+dx])

Optimal (type 9, 26 leaves, 0 steps):

Sinh[c+dx]3

Unintegrable| » X]

X (a+bCosh[c+dx])

Result (type 1, 1leaves):

PP

Problem 247: Result more than twice size of optimal antiderivative.

JCosh[a +bLlog[cx"]]
X

dx

Optimal (type 3, 18leaves, 2 steps):
Sinh[a+bLog[cx"]]
bn

Result (type 3, 37 leaves):
Cosh[bLog[cx"]] Sinh[a] Cosh[a] Sinh[bLog[c x"]]
bn bn

Problem 262: Result more than twice size of optimal antiderivative.

a+bx
JCosh[ | dx
c+dx

Optimal (type 4, 101 leaves, 5steps):

(c+dx) Cosh| ﬁ} ) (bc-ad) CoshIntegral| db(z;: i) | sinh| 3] (bc-ad) Cosh| 5] SinhIntegral| 7;’(2;: i) ]

d d? d?

Result (type 4, 373 leaves):
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1 a+bx a+bx bc-ad b . b
—— |2 cdCosh| | +2d>xCosh]| | + (bc-ad) CoshIntegral| ————] |-Cosh[~] +Sinh[ =] | +
2d? c+dx c+dx cd+d?x d d
-bc+ad b . b b i -bc+ad b . -bc+ad
(bc-ad) CoshIntegral| ——————] |Cosh|[ =] +Sinh[ =] | +bcCosh[~] SinhIntegral|——————| - adCosh[—| SinhIntegral| —————
d(c+dx) d d d d<c+dx> d d(c+dx)
. b . -bc+ad . b X -bc+ad b . bc-ad
chmh[f} SlnhIntegr‘al[i} —adSmh[f] SlnhIntegr‘al[i] —bcCosh[f} SlnhIntegr‘al[i] +
d d(c+dx) d d(c+dx) d cd+d?x
b . bc-ad . b . bc-ad X b . bc-ad
adCosh[—] SinhIntegral| | +bcsinh| =] sinhIntegral[————] - adSinh[—] SinhIntegral|[ ———
d cd+d?x d cd+d?x d cd+d?x

Problem 275: Result is not expressed in closed-form.
Jex Sech[2 x] dx
Optimal (type 3, 92leaves, 11 steps):
Ar‘cTan[l—\EeX} Ar‘cTan[1+\EeX] Log[l—ﬁexwezx} Log[1+\/7ex+ezx}
_ . . _
V2 V2 22 22
Result (type 7, 31leaves):

X - Log[e* - 1]

1 4
- = RootSum |1 +#1* &,

8]
2 11

Problem 276: Result is not expressed in closed-form.
Jex Sech[2x]? dx

Optimal (type 3, 111 leaves, 12 steps):

e ArcTan[1-+/2 €] ArcTan[1++/2 e¥] Log[1-+2 e*+e?*| Log[l+2 e*+e?¥]
- - +

+

1+e*X 22 22 a2 a2
Result (type 7, 46 leaves):
x 1 - Log[eX - 11
i - = RootSum|1 + 11 &, X gle ] &
lref* 4 m13

Problem 279: Result is not expressed in closed-form.

Jex Sech[3 x] dx



Optimal (type 3, 55leaves, 9steps):

ArcTan | —1’2:“ ]

1 1
————Log[1+e2"] +—L0g[1—e2x+e4x}

NEY 3 6
Result (type 7, 55leaves):
2x 1 1 -L X 11
fx—fLog[lJrezx] - = RootSum|1 - #1? + 51* &, X~ Logle ] &
3 3 3 7112

Problem 280: Result is not expressed in closed-form.

J@X Sech[3 x]?dx

Optimal (type 3, 110leaves, 13 steps):

2 eX 2 ArcT X 1 1 Lo 1- 3 X 2x Lo 1 3 X 2 X
- = L 28T an[e]——Ar‘cTan[\/——ZeX}+—Ar*cTan[\/?+2eX}— B[1-3 e re ]+ B[1+ V3 e+ et]
3 (1+e%¥) 9 9 9 63 63
Result (type 7, 90 leaves):
1 6 eX -2x+2L X -l 12-L X _nml] 11?2
= (— € +2ArcTan[e*| + RootSum|1 - #1% + #1* &, xr2logle” ~Hl] » x& ogle” - Hll &
9 1+ ebX -1+ 2113
Problem 283: Result is not expressed in closed-form.
Jex Sech[4 x] dx
Optimal (type 3, 371 leaves, 21 steps):
arctan[ 2T 2] prcran[{20E 2¢]  pperan[ A 26 ] ppcran[d2eZ et
243/2 - 2-/2 - 244/2 . 2-4/2 -
2 /2(2+ﬁ) 2 2(27ﬁ) 2 2(2+ﬁ) 2 2(27ﬁ)
Log 2 - \/?ce +ez Log 2-4/2 & +<e2 Log 2+\/7<e +ez Log 2+4/2 e +e?
N _

4 |2(2-42) 4 |2(2+4/2) 4 |2(2+42)

Result (type 7, 31 leaves):
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X - Log[e* - 1]

1 8
- = RootSum |1 + 118 &,

&]
4 13

Problem 284: Result is not expressed in closed-form.

jex Sech[4 x]? dx

Optimal (type 3, 379 leaves, 22 steps):

2 (1+e8%)
8 2(2-\/7) 8 2(2+\/7) 8 2(2-\/7)
Ar‘cTan[@}
. 1 1
2 22 V2 Log[1-n2- V2 efietr] s —
32 32
8 |2 (2+\E)
1 R ———
—J2+2 Log[l— 2442 ex+ezx} F—A/2+2 Log[1+ 2+4/2 &
32 32
Result (type 7, 48 leaves):
x 1 ~Log[eX-ul
& Rootsum[1+m1t g, X EOBLE T g
2 (1+e®¥) 16 =17
Problem 288: Unable to integrate problem.
JFC (abx) sach[d + e x] dx
Optimal (type 5, 68 leaves, 1step):
2 ed+ex Fe (3+bX) Hypergeometric2F1[1, e*b—ch:gJﬂ-, % 34 bC—LZgJﬂ- , —e2 (drex) ]

e+bclog[F]

Result (type 8, 18 leaves):

JFC (a+bX) sach[d + e x] dx



Problem 290: Unable to integrate problem.

JFC (a+bx) sach[d + e x]3 dx

Optimal (type 5, 124 leaves, 2 steps):
e+bclog[F] s % 3 bc ng F s _ez (d+ex)] (e_ bc Log[F} )

edrex Fe (a:0X) Hypergeometric2Fl[1, .
e

+

eZ
bcFc(@bX) | og[F] Sech[d+ex] FC¢(abx Sech[d+ex] Tanh[d+ex]

+
2 e? 2e

Result (type 8, 20 leaves):

JFC (3+bx) Sach[d + e x]3 dx

Problem 319: Result more than twice size of optimal antiderivative.

JF""*”Z Cosh|[d + ex+-Fx2]3dlx

Optimal (type 4, 300 leaves, 14 steps):

9e?

3e_d+mfa TT Er"F[E”ZX f-c Log[f] ] e'”*mfa 7 EP_F[seax(chLog[ﬂ)]
24/ f-cLog[f] 2+/3f-clog[f]
+ +
16 \/f - c Log[f] 16 V3 f-clog[f]
4o 3d. 2%

3e 4[f+cmg“7\" fa /7'( Er"Fi[e+2X(f+CL°g f )} e a(3f-cLoglf]) fFa /7T Er\_Fi[Be+2x(3f+cLog[ﬂ)]

24/ f+cLog[f] 2+/3f+clLog[f]

+
16 \/f + c Log[f] 16 V3 f+clog[f]

Result (type 4, 2303 leaves):
1

16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+cLog[f])

e

e e+2fx-2cxlLog[f —_—
f2/n |27 e“lersll) £3 Cosh[d] Erf| - glf] | VF-clLog[f] +27cetl~sl) f2 Cosh[d]

2+/f-clog[f]

— e+2fx-2cxLog[f]

e+2fx-2cxLlog[f] 5 ¢
Erf| | Log[f] Vf-clog[f] -3c?e*lFeslfl] fCosh[d] Erf|
2+/f-clog[f]

2+ f-clog[f]

6.2 Hyperbolic cosine.nb | 87

| Log[f12+/f - clLog(f] -

3e+6-Fx—2chog[-F}}

— e+2fx-2cxlLog[f e
33 etlfewelfl] Cosh[d] Erf]| h glt] | Log[f13+/f-clog[f] +3e*lreslfl) £3Cosh[3d] Erf]|
2+/3f-clog[f]

2+ f-clog[f]
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9e?

V3 f-clog[f] +ce*lfeeelfl] £2Cosh[3d] Erf|

3e+6fx-2cxlog[f]

2+/3f-clog[f]

3e+6fx-2cxlog[f]

2+/3f-clog|[f]

| Log[f] /3 Ff-clog[f] -

9e?

| Log[f12+/3f-clLlog[f] -c3e*lFetlf) Cosh[3d]

9e?

3c2 et euelfl] fCosh[3d] Erf|

o2

3e+6fx-2cxlog[f] 3 T 3 re+2fx+2cxlLog[f]
Erf| | Log[f]1°~/3f-cLog[f] 127 e *lewsldl) £3 Cosh[d] Erfi| | Vf+cloglf] -
2+/3f-clog[f] 2+/f+clog[f]
87 5 re+2fx+2cxlog[f] , e re+2fx+2cxlog[f]
27 ce *[*cwsll) £2 Cosh[d] Erfi| | Log[f] Vf+clog[f] -3c?e *[F<welfl] fCosh[d] Erfi| ]
2+/f+clog[f] 2+ f+clog[f]

e?

Log[f]2+/Ff+cLlog[f] +3c?e *(F<ulfl] Cosh[d] Erfi|

e+2fx+2cxLog[f]

| Log [£]3/F+cLog ] +

2+ f+clog[f]
L 3 .r3e+6fx+2cxlog[f] L ) .r3e+6fx+2cxlog[f]
3 e *[Bfewelfl) £3 Cosh[3d] Er‘-Fl[ ] V3f+clog[f] -ce *Bfcteelfl) £2Cosh[3d] Er‘-Fl[ ]
2+/3f+clog[f] 2+/3f+clog[f]

9e?

Log[f] V3 F+clog[f] -3c?e “lf<wslsl] fCosh[3d)] Erfi|

3e+6fx+2cxlog[f]

| Log[f1?+/3f+clog[f] +

2+/3f+clog[f]
L 3e+6Ffx+2cxLlog[f s e+2fx-2cxlog[f
e *[#ewlf] Cosh[3d] Erfi| *orx+2cxlogl ]}Log[f]3 3f+clog[f] -27e*[Fetelfl] £2Erf| AR xLogl }}
2+/3f+clog[f] 2+/f-clLog[f]

e?

f-clog[f] Sinh[d] -27 ce*[Fewslf] £2 Erf]

e+2fx-2cxLog[f]

| Log[f] V/f-cLog[f] Sinh[d] +

2+ f-clog[f]
e 2 fx_2cxLloalf — 2fx-2cxlog[f
3 c2 g (feoglf -FEr‘-F[e+ x-2cxlog] ]]Log[-F]Z\/F—cLog[ﬂ Sinh[d] + 3 c3 e [fctolf ‘Er‘-F[eJr x-2cxlog[f]
2+ f-clog[f] 2+ f-clog[f]
3 . e 3 e+2fx+2cxlog[f] .
Log[f]3+/f-clog[f] Sinh[d] +27 e *[*ctslfl] £ Erfi| | Vf+clog[f] Sinh[d] -
2+/f+clog[f]
# ) e+2fx+2cxLog[f] X L e+2fx+2cxLog[f]
27 ce *lFetesldl) £2 Erfi | | Log[f] Vf+clog[f] Sinh[d] -3c?e “[Fctelfl] £EPfi] ]
2+/f+clLog[f] 2+/f+clog[f]

e?

Log[f]2+/F+cLlog[f] Sinh[d] +3c3e *[Feuell] Ep rfi|

e+2fx+2cxLlog[f]

| Log[f1%+/f +cLog[f] Sinh[d] -

2+ f+clog[f]
9e? 9e?
—— 3e+6fx-2cxlog[f — 3e+6fx-2cxlog[f
3 et el £ Erf[ T 8L ) /3 F Clog[f] Sinh[3d] - ce*lrewmi] £ Enf| > glT]
2+/3f-clog[f] 2+/3f-clog[f]

ez

Log WSlnh 3d +3C e? 3chog | fFEP 'F[

3e+6fx-2cxlog[f]

2+/3f-clog[f]

| Log[f12+/3f-clog[f] Sinh[3d] +
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9e?

¢ e prewln] Enf

9e?

o 3 3e+6fx+2cxlog[f]
] Log[f1>V/3F-cLlog[f] Sinh[3d]+3e *[rewsle) £3 Erfi] |
2+/3f-clog|[f] 2+/3f+clog[f]

. 2 ) r3e+6fx+2cxlog[f] .
V3f+cLlog[f] Sinh[3d] -ce *[retslfl] £2 Epfi| | Log[f] /3 f+clLog[f] Sinh[3d] -
2+/3f+clog[f]

| Log[f12+/3f+clog[f] Sinh[3d] +

3e+6fx-2cxlog[f]

9e?

—_— 3e+6fx+2cxlog[f]
3c2e ¢Brelfl] £ Erfi|

2+/3f+clog[f]
9e?

e 3e+6fx+2cxlog[f]

C3(E 4 (3ficLog[f | Epr .F [
2+/3f+clog[f]

] Log[f]>V/3F+cLog(f] Sinh[3d]

Problem 325: Result more than twice size of optimal antiderivative.

Jfam*cxz Cosh[d+fx?]* dx

Optimal (type 4, 323 leaves, 14 steps):

b? Log[f]? b2 Log|f|

3 e'dUmCmg =S Er‘-F[ bLog[f]-2x (f-cLog[f]) } e-3d+m =S Er,_F[bLog[ﬂ “2x (3f-clog[f]) ]
f-c Log[f] 3f-clog(f]
- - +
16 \/f - c Log[f] 16 V3 f -clog[f]
do bZLog[f:Z 3d- blLog[]
3 4lficLoglf]) fa /7T Ethi[bLog[‘F1+2x(F+cLog[ﬂ)} e a(3ficloglf]] fFa / Er"Fl{bLog 1+2x(3‘F+cLog[ﬂ)}
f+c Log[f] 3f+cloglf]
+
16 \/f + c Log[f] 16 V3 f+clog[f]

Result (type 4, 2511 leaves):
1

6 (f-clog[f]) (3f-clLog[f]) (f+clog[f]) (3f+clLogl[f])

b? Log[f]? b? Log[ 12

—_ 2fx-blog[f] -2 Lo 2fx-blog[f] -2 Log[f
2/ |27 etlrewslel] £2 Cosh[d] Erf| X glf] ~2cxloglf }\/ —cLog[f] +27ce*lFeuld] £2Cosh[d] Erf| X glt] ~2cxlogl }]
2+ f-clog[f] 2+ f-clLog[f]

l’;“’# 2fx-blog[f] -2cxLog[f] 5
Log[f] V/f-clLog[f] -3c?e*!<sl) fCosh[d] Erf] | Log[f12+/f-clog[f] -
2+/f-clog[f]
b? Log[f]?

| Log[f13+/f-clog[f] +3e*l*ctwsl) £3 Cosh[3d]

b? Log [f]?
— 2fx-blog[f] -2cxLlog[f
33 etlfeelfl] Cosh[d] Erf| glt] glt]

2+ f-clLog[f]

6fx-blog[f] -2cxLog[f] % 6fx-blog[f] -2cxLog[f]

]\/3'F7cLog[-F] +ce**fewelfl] £2Cosh[3d] Er'-F[
2+/3f-clog[f] 2+/3f-clog[f]

Er‘-F[

] Log[f] V3f-clog[f] -
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b? Log[f]?
s 6fx-blog[f] -2cxLog[f
3c2 et euelfl] fCosh[3d] Erf| X gLt xLogl ]]Log[f]zx/Bf—cLog[f] -
2+/3f-clog[f]

bZLogf]
—_— 6fx-blog[f] -2cxLog[f
c3 e*[#<wslfl) Cosh[3d] Er‘-F[ gLt Bl ]}Log[f]g 3f-clog[f] +

2+/3f-clog[f]
b? Log|[f } b? Log[f]?
- 2f blLog[f] +2cxLo - 2f bLog[f] +2cxLog[f
27 e *l*<welfl] £2 Cosh[d] Erfi| x+bLog[f] r2cxLoglf }x/thog -27ce “[F<elfl] £2 Cosh[d] Erfi| xroroglt] r2cxlogl ]}
2+/f+clog[f] 2+/f+clog[f]

L % . 2fx+blog[f] +2cxLog[f] 2
og [f] V¥ +cLog[] -3ce *[rewelrl] £ Cosh[d] Erfi] J Log(#)"VE+ cLoglf] +
2+ f+clog[f]
b? Log[f]?

- 2f bL f 2 L f
3c3 e *[Fctsll) Cosh[d] Erfi| x+bloglt] vacxlogl }]Log[ﬂ3\/f+cLog[f] +
2+ f+clLog[f]

bZLog[J
-l 6fx+blLog[f 2cxLog[f
3e *[reld) £3 Cosh[3d] Erfi| +bloglr] + Bl ]] 3f+clog[f] -
2+/3f+cloglf]

b:# , . 6fx+blog[f] +2cxLog[f]
ce *lrewld] £2 Cosh[3d] Erfi| | Log[f] /3 f+clog[f] -
2+/3f+clog[f]

b2 Log [f]
e 6fx+blog[f] +2cxLog[f
32 Premin] £ Cosh[3d] Erfi| 0BT 8NN ) Log[£]2/3F+ clog(F] +
2+/3f+clog[f]

b Log[f]?
o btoglf]T 6f b Log[f 2cxlog[f
3 @ 4(3fcLoglf] ) Cosh[3 }EF"Fi{ X+ AR xLog| ]}Log['f:]3 3f+clog[f] -
2+/3f+clog[f]
b2 Log[f]?

— 2fx-blog[f] -2cxLog[f
27 e*(Fewslfl] £2 Erf| glf] glf] | Vf-clLog[f] Sinh[d] -

2+/f-clog[f]
b? Log[f]?
= 2fx-blog[f] -2 Log[f
27 c e*[Feteelf]) £2 Ep -F[ X %8 1] cxLogl }}Log[ﬂ f-clog[f] Sinh[d] +
2+/f-clog[f]

bZLog[J
e 2fx-blog[f] -2cxLog[f
3 c2 e (Fereelf]] £EP f[ glt] gl ]]Log[-F]Z f-clog[f] Sinh[d] +
2+ f-clog[f]

b? Log [f]?
e 2fx-blLog[f] -2 Log[f
3¢ et (Feusldl) Erf | X og[7] ~2cxlog| ]}Log[ﬂ%/f—cLog[ﬂ Sinh[d] +

2+/f-clog[f]
szog[]
-l 2f bLog[f] +2 Log[f
27 e *lFereldl] £3 Erfi| x+ologlT] +2cX 08l J]\/1‘+cLog[1‘] Sinh[d] -
2+/f+clLog[f]

b? Log[f]?
- 2f bL f 2 L f
27 ce “lFerelfl) £2 Epfi| xrblog[¥]r2cxlogl J]Log[ﬂ v f+clog[f] Sinh[d] -
2+/f+clog[f]



b Log[f]?

sl 2fx+blog[f] +2cxLog[f
3c2e *lfetesldl) £ EPFL| X+ologt] +2cxlog[t]

| Log[f12+/f+cLog(f] Sinh[d] +

2+ f+clog[f]
b2 Log[f]?
e 2f bL fl+2 L f
3C e 4 (fscLog[f )Er\-Fl[ X+ Og[ ]+ cx Og[ ]}Log['F]S\/'F+CLOg['FJ Slnh[d]—
2+/f+clog[f]

b? Log[f]?

T E— 6fx-blog[f] -2cxLlLo
3 @4 [3F cLog[f] .FBE 'F[ g[} g

2/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]

6fx+blog[f] +2cxLog[f

]\/3f—cLog Sinh[3d]

b Log[f]?

cetlretlfl) £2 Epf|

| Log[f] V3f-clog[f] Sinh[3d] +

b? Log[f]?

32 etlpreldl] fEPF|

| Log[f12+/3f-clLog[f] Sinh[3d]

b? Log fJ

c3 g4 [3fcLoe[f]) Ep .F[

| Log[f1%+/3f-clog[f] Sinh[3d] +

b? Log[f]?

3 *prcld) £ Erfi

]x/3f+cLog Sinh[3d]

2+/3f+clog[f]
bZLog[J
T 6fx+blog[f 2cxlog[f
ce *lreld) £2Epfi| +blog[t] « gl 1]Log[-F] V3f+clog[f] Sinh[3d] -
2+/3f+clog[f]
b% Log[f]?
e 6 f bLog[f] +2cxLog[f
3c2e “prewsll] £EPFL[ glf] r2cxlogl }]Log[f]zx/3f+cLog[ﬂ Sinh[3d] +
2+/3f+clog[f]
b2 Log[f]?
- 6f blLog[f] +2 Log[f
G +Prewl] Erfi og(f] r2cxlogl ]]Log[f]3\/3f+cLog[-F] Sinh[3d]
2+/3f+clog[f]

Problem 327: Result more than twice size of optimal antiderivative.

J‘Fa*b’”c x* Cosh [d rex+ -sz} % dx

Optimal (type 4, 239 leaves, 10 steps):

(2e-bLog[f])’ (2e1b Log[£]]*

6.2 Hyperbolic cosine.nb

-2d 2d-
Ethl[ (b+2 ¢ x) [ Log[f] ] e +8HcLog:f] fa /7T EP_F{Ze—bLogH:W+2X(2‘F7CLOEHC])} e sracloglf] 2 /7T Er,_Fi[Ze+bLog[f1+2x(2'F+cLog['F1)}

2+/c 2f-clog[f] 2f+clog[f]
+ +
4~/c /Log[f] 8+/2f-clog[f] 8+/2f+clog[f]

Result (type 4, 912 leaves):

| 91
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1
8clog[f] (2f-clog[f]) (2f+clog[f])
(b+2cx) \Log[f]

(b+2cx) Log[f]

b2 b2
2 |8+/c e Erfi| | VLog[f] -2c52f ac Erfi| | Log[f1°/%+
2+/c 2+/c
_cheleabe Logf] b Log[f]* 2e+4fx-blog[f] -2cxLog[f]
2ce 4 (2f-c Log[f]) f Cosh[2d] Erf| | Log[f]1 V2 Ff-clog[f] +
2+/2f-clog[f]
~4e2:4beLog[f]-b? Log[f]?
— 2e+4fx-blog[f] -2cxLlog[f
e 4 (2f-cloglf]] Cosh[2d] Erf]| i glt) glt) | Log[f12V/2f-clog[f] +
2+/2f-clog[f]
-4fuabalonlf] S uonlr)” .r2e+4fx+blog[f] +2cxLog[f]
2ce ¢leretslfl] £ Cosh[2d] Erfi] | Log[f] V2 f+clogf] -
2+ 2f+clog[f]
4e?+4belog[f]+b? Log[f]?
— 2e+4fx+blog[f 2cxlLog[f
cle  +hrewsi]  Cosh[2d] Erfi[ +hloglt)+ gl ]]Log[f]zx/2f+cLog[-F] _
2+/2f+clog[f]

_ -4e?iabelog|f]-b? Log[f]?

e + (rrcLoglf]) fErF[2e+4fx_bL0g[f] -2cxLog[f]

2+/2f-clog[f]
2e+4fx-blog[f] -2cxLog[f]
2+/2f-clog[f]

2e+4fx+blog[f] +2cxLog[f]

| Log(f] V2 -cLog[f] Sinh[2d] -

CZ e 4(21’ cLogrfJ) Er\f[

| Log[f12V/2f - cLog[f] Sinh[2d] +

74e2wabeLog[f] +b2 Log:f]z

2ce  clrewld]  fERFQ|

] Log[f] V2 F+cLog[f] Sinh[2d] -

2+2f+clog[f]
AezmbeLog[f]wszog[f]z
— 2e+4fx+blog[f] +2cxLog[f
e st Epfi[ ST +blog[f] + el J]Log[f]Z\/ZercLog[ﬂ Sinh[2d]
2+/2f+clog[f]

Problem 328: Result more than twice size of optimal antiderivative.

Jfammxz Cosh[d+ex+fx?]”dx

Optimal (type 4, 344 leaves, 14 steps):
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B \:ebeogHHZ [3e-bLog|f }2
e +4—;[fimg[f” £ TT Erf[e,bLog[ﬂdx (f-clog[fl]) ] e73 +7m74mg[’f: f£a /TT EP_F[3e—bLog['F]+2x(3‘F—c Log[f]) ]

24/ f-cLog[f] 2+/3f-clog[f]
16 \/f - c Log[f] 16 V3 f-clog[f]

(e+bLog[])? (3e-bLog[f])?
d-—— 3gd-
3e 4lfclfl] £a/1 Epfi [ e+blog[f]+2x (f+clog[f]) ] e 4[rcwelfl] fa/1 Epfi [ 3e+blog[f]+2x (3f+clog[f]) ]

2./ f+clog[f] 24/ 3 f+cLog[f]
16 \/f + c Log[f] 16 /3 f+clog[f]

Result (type 4, 2991 leaves):

1
16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+clog[f])

_ —e?:2be Log[f]-b2 Log[f]?

| e+2fx-blog[f] -2cxLog[f
£ [27e  slrewld] £3 Cosh[d] Erf[ gLf] glf)

2+ f-clog[f]

e+2fx-blog[f] -2cxLog[f]

2+/f-clog[f]
~e?+2beLog[f]-b? Log[f]?

- ‘ e+2fx-blog[f] -2cxLog[f
3cte ¢[etelfl) £ Cosh[d] Erf| ’ glf] gl }]Log[f]zx/fchog[f] -
2+ f-clog[f]
e?+2be Log[f] -b? Log[f]?

- ‘ 2fx-blog[f] -2 Log[f
3ce a (- og[ ] Cosh[d] Er'-F[e+ X og[f] ~2cxlogl ]]Log[f]3\/f—cLog[-F] +
2+/f-clog[f]
—9e26beLog[f]-b? Log[f]?

AT — 3e+6fx-blog[f] -2cxLog[f
3e 4 (3%-ctog[f]] 3 Cosh[3d] Erf| : glt) gl ]}x/sf-cLog[ﬂ +
2+/3f-clog[f]
9e2:6belog[f]-b2 Log[f]?
L St 3e+6fx-blog[f] -2cxLog[f
ce 4 (3#-clLog[f]) f2 Cosh[3d] Er'F[ * glLf] glf]
2+/3f-clog[f]
-9e2+6be Log[f]-b? Log[f]?
B e TR 3e+6fx-blog[f] -2cxLog[f
3C%e 4 [3-c Log[f]) f Cosh[3d] Emc[ i glt] glt]
2+/3f-clog[f]
3e+6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
e?+2belog[f]+b? Log[f]?
e e+2fx+blog[f] +2cxLog[f
27e  slrcsld] £ Cosh[d] Erfi|— +hloglt)+ gl ]]\/'F+cLog['F} -
2+/f+clog[f]

e+2fx+blog[f] +2cxLog[f]

2+ f+clog[f]

| Vf-clog[f] +

_ -e?:2belog[f]-b? Log[f]?

27ce 4 (F-crog[f]] f2 Cosh[d] Erf|

| Log[f] Vf-clog[f] -

} Log[f] V3f-clog[f] -

| Log[f12+/3f-clLog[f] -

_ 9e?+6belog[f]-b? Log[f]l

e ePfewsld)  Cosh[3d] Erf|

| Log[f1?V/3f-clog[f] +

7e2<2beLog[ﬂ b2 Log[ﬂ2

27ce  *leewsld)  f2Cosh[d] Erfi|

] Log[f] Vf+clog[f] -
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e?+2beLog[f]+b? Log[f]?
e e+2fx+blog[f] +2cxLog[f
3cte  “[tcwsld]  fCosh[d] Erfi| i : glt]+ gl ]} Log[f]2~/f+clog[f] +

2+ f+clLog[f]

ezwzbeLog[f:waLog[f:Z
e e+2fx+blog[f 2cxlog[f
3ce 4wl Cosh[d] Erfi] ’ ’ glf]+ glf] | Log[f13+/f+clog[f] +

2+/f+clog[f]
*w 3 .r3e+6fx+blog[f] +2cxLlog[f]
3e  tPrewslfl]  £3Cosh[3d] Erfi| | V3f+cloglf] -
2+/3f+clog[f]
el 3e+6fx+blog[f] +2cxLog[f]
ce 4 (3 fecLog[f]] f% Cosh[3d] Er‘-Fl[ ] Log[f] V3f+clog[f] -
2+/3f+clog[f]
9e2:6beLog[f]+b? Log[f]?
e 3e+6fx+blog[f 2cxlLog[f
3c2e  tPrewlfl] £ Cosh[3d] Erfi] : : glt] + gl }]Log[f]zx/3f+cLog[ﬂ +
2+/3f+clog[f]
992<6beLog[wab2Log[fJ2
B — 3e+6fx+blog[f] +2cxLog[f
e heew)  Cosh(3d] Erfi| 2o ot X 2LOBITI 8L ) Log£]3 /3 Fr clog(F] -
2+/3f+clog[f]

-e?+2be Log[f]-b? Log[f]?
— e+2fx-blog[f] -2cxLog[f
27 e 4rf—cLog[f7] -F3 Er\-F[ * g[ ] g[ ]] \/'F—CLOg['F} Sinh[d] -
2+/f-clLog[f]

etz log[f] 0 Log[f]] 5 e+2fx-blog[f] -2cxLog[f] )
27ce 4 [F-crog[f]) f Er‘-F[ ] Log[f] v/ f-clLog[f] Sinh[d] +

2+ f-clog[f]

~e?+2belLog[f]-b? Log[f]?
e e+2fx-blog[f] -2cxLog[f
3ce 4 (- og| ] fErf| et glf] xLogl ]}Log[ﬂzx/f—cLog[ﬂ Sinh[d] +
2+/f-clLog[f]
7fez+2beLogrfJ—b2LogrfJ2

ehzbetos|r] 0 Loglf] 2fx-bLog[f] -2cxLog[f
33e  creme]  peg[ ST2TXZDLOBITI 2 CXLOBITI Y o k13 Clog (] Sinh[d] +
2+ f-clog[f]

e?+2belog[f]+b? Log[f]?
" e+2fx+blog[f] +2cxLog[f
27 e 4 (frcLog[f]) £3 Er‘-Fi[ i i gLt + glt] ]\/f+cLog[f] Sinh[d] -
2+ f+clog[f]
7ez+2beLogrfJ+b2Log[sz

o o .re+2fx+blog[f] +2cxLog[f] X
27ce 4 [FreLog[f]] f Er‘-Fl[ } Log[f] /f+clLog[f] Sinh[d] -

2+ f+clLog[f]

e?+2beLog[f]+b? Log[f]?
B e+2fx+blog[f] +2cxlLog[f
3cte  dftewsld) fERFi : : glf]+ glt) | Log[f1?~/f+clLog[f] Sinh[d] +

2V f+clog[f]
e?+2be Log[f] +b? Log[f]?
T ffecroslfl) e+2fx+blog[f] +2cxLog[f
3c3e  tlrewld)  Erfi + + glf] + gl ]}Log[f]3 f+cLlog[f] Sinh[d] -
2+ f+clog[f]

_ -9e?+6belog[f]-b? Log[f]? _ B
3e 4 (3% Log[f]) £3 Er‘F[BeJrGfx bLog[f] -2cxLog(f] ] V3f-clLog(f] Sinh[3d] -
2+/3f-clog[f]



2Sinh[x] |x -

—9e2+6beLog[f]-b? Log[f]?

3e+6fx-blLog[f] -2cxLog[f]

ce 4 (3t-cLog[f]] f2Erf| | Log[f] /3 f-clog[f] Sinh[3d] +
2+/3f-clog[f]
9e2+6beLog[f]-b? Log[f]*
_Berwepeloglt]-v Loglf] 3 6fx-blog[f] -2 Log[f
3c’e 4 (3-cLoglf]) fErf] exbrTXx o8 [*] cxlLogl 1]Log[f]2\/3f—cLog[f] Sinh[3d] +
2+/3f-clog[f]
-9e2+6be Log[f]-b? Log[f]?
- Seenerofl e el 3e+6fx-blog[f] -2cxLog[f
e 4 (3% ctog|f]] Erf| exoTX og[t] ~2cxlogl ]]Log[f]3\/3f—cLog[f] Sinh[3d] +

2+/3f-clog[f]

3e+6fx+blog[f] +2cxLog[f]

2+/3f+clog[f]

3e+6fx+blog[f] +2cxLog[f]

9e?6belog|f|+b? LogH{2

3e  sbrewsldl]  fAERfi|

| V3f+clog[f] Sinh[3d] -

9e?+6beLog|f]+b? Log[f]?

ce  tprewll]  f2EPFi| | Log[f] /3 f+clLog[f] Sinh[3d] -
2+/3f+clog[f]
992¢6bech[ﬂ<b7Log[ﬂZ
SR SR 3e+6fx+blog[f] +2cxLog[f
3c2e  spremn]  fEpfi| oot Ot X OLOBIT ¢ 8111 Log(£]2/3F+ cLog(¥] Sinh(3d] +
2+/3f+clog[f]
9e?+6beLog[f]+b? Log[f]?
e ety el 3e+6fx+blog[f] +2cxLog[f
e 4 [3cLog[f] Erfi| i : gLt + gl }]Log[f]3\/3f+cLog[ﬂ Sinh[3d]

2+/3f+clog[f]

Problem 329: Result more than twice size of optimal antiderivative.

X

Cosh[x]3/?

+x+v Cosh[x] | dx

Optimal (type 3, 20leaves, 2 steps):

74m N 2 xSinh[x]
1/ Cosh [x]

Result (type 3, 46 leaves):

. x ]2
2 Cosh[x] Sinh[x] Tanh{;}

(-1+Cosh[x])32+/1+Cosh[x]

1/ Cosh[x]

6.2 Hyperbolic cosine.nb

| 95
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Problem 332: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J

Optimal (type 4, 36 leaves, 3 steps):

x2

Cosh[x]3/?

+x2+/Cosh[x] | dx

2 x2Sinh[x]

1 X
-8 x+/Cosh[x] -16i EllipticE[—, 2] +
2 1/ Cosh[x]

Result (type 5, 76 leaves):
4+/Cosh[x] (Cosh[x] +Sinh[x])

1+ e2X

(74 (-2+x) Cosh[x] +x?Sinh[x] +8 Hypergeometric2F1|-

N |

, —€?*] (-Cosh[x] +Sinh[x]) v/1+Cosh[2x] +Sinh[2x]

ENI
W

Problem 335: Result unnecessarily involves imaginary or complex numbers.
JCosh[a+bx1 4

c+dx?

X

Optimal (type 4, 213 leaves, 8steps):
Cosh|a+ b—\E] CoshIntegral| blc x| Cosh[a- DE} CoshIntegral| be x|
Vd Vd Vd

— \/? —
2V -c \/? 2V -c \H
Sinh [a + bJE} SinhIntegral [ be x] Sinh [a - b—\E] SinhIntegral [ blc |y x]
Vd Vd Vd Vd
2+/-c Vd 2+/-c \d
Result (type 4, 180leaves):
i b b i b b
———1 [Cosh[a- = \E} CosIntegral|- i bx| - Cosh|[a+ Love | CosIntegral] +ibx]+
1 b b 1 b b
i [Sinh[a - LoVe ] SinIntegral[—\/? -ibx]| +Sinh[a+ LoVe | sinIntegral| +1ibx]
Vd Vd Vd Vd
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Problem 336: Result unnecessarily involves imaginary or complex numbers.
JCosh[a+bx} 4

c+dx+ex?

X

Optimal (type 4, 271 leaves, 8 steps):

b |d-+/d*>-4ce b [d-+/d?-4ce b |d+\/d?-4ce b [d+v/d?-4ce
Cosh|a- | CoshIntegral| +bx| Cosh|a- | CoshIntegral| +b x|

2e 2e

2e 2e
- +
b [d-+/d*-4ce b [d-+/d*-4ce b [d+y/d*-4ce b [d+v/d*-4ce
Sinh[a - - | sinhIntegral]| - +bx| Sinh|a- - | sinhIntegral]| - +bx|
Vd?-4ce Vd?-4ce
Result (type 4, 248 leaves):
1 b(—d+\/d2—4ce) ib(d—\/d2—4ce +2ex)
————|Cosh[a+ | CosIntegral] -
JF ace 2e 2e

b(d+\/d2—4ce) ib(d+\/d2—4ce +2ex)

Cosh|a - | CosIntegral| -
2e 2e
b(d+\/d2—4ce) b(d+\/d2—4ce +2ex)
Sinh|a- | sinhIntegral| ]+
2e 2e

b(—d+\/d2—4ce) J‘lb(—d+\/d2—4ce)
| sinIntegral]

2e 2e

iSinh[a+

- ibx]

Test results for the 85 problemsin "6.2.7 hyper*m (a+b cosh*n)*p.m"

Problem 6: Result unnecessarily involves imaginary or complex numbers.
s 7
J Sinh[x] dx
a+bCosh[x]?
Optimal (type 3, 78 leaves, 4 steps):
(a+ b)E'Ar‘cTan[Lu-b Coshix] ]

N (a2+3ab+3b?) Cosh[x] (a+3b) Cosh[x]® Cosh[x]®
.

+

\Va b72 b3 3 b2 5b
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Result (type 3, 148 leaves):

\/F—Ji\/HTanhrﬂ \/FH‘L\/HTanh{q
(a+b)?ArcTan| V2 ] (a+b)’ArcTan] NS ] (8a?+22ab+19b?) Cosh[x] (4a+9b) Cosh[3x] Cosh[5x]

- - + - +

Va b72 Va b72 8 b3 48 b? 80b

Problem 7: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[x]°

j AR ax
a+bCosh[x]?

Optimal (type 3, 54 leaves, 4 steps):

(a+b)2ArcTan[£b ﬁh[x]} (a+2b) Cosh(x] Coshix]?
+

Va b5/2 B b2 3b

Result (type 3, 120leaves):
Vb +i \/ﬁTanh[:—]

1 Vb i Varb Tann[F] ] 12 (a+b)*ArcTan| ]
Va + Va -3+/b (4a+7b) Cosh[x] + b2 Cosh[3 x]

12652 Va Ve

12 (a+b) ?ArcTan|

Problem 8: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[x]3
J— dx
a+bCosh[x]?

Optimal (type 3, 36 leaves, 3 steps):
(a+b) Ar‘cTan[lLf—Lb cgh XL Cosh[x]

) \Ja b3/2 : b
Result (type 3, 83 leaves):

\/F—imTanh{ﬂ
a

\/FH'L\/WTanhFﬂ ]
Va Cosh[x]

Va b3/2 b

(a+b) |ArcTan [ | +ArcTan|




6.2 Hyperbolic cosine.nb | 99

Problem 10: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Csch[x] dx
a+bCosh[x]?
Optimal (type 3, 42 leaves, 4 steps):

2/b Cosh(x]
\/FArcTan[ Va } ArcTanh[Cosh[x]]

\/?(a+b) a+b

Result (type 3, 106 leaves):

\/FAr‘cTan[—J?ﬂ.l j/; ol ] \/FAr*cTan[i\/?Hi \a/; el s ) s
) e + = +Log[Cosh[*|] - Log[Sinh[]]
a+b

Problem 11: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[x]3

J e ax
a+bCosh[x]?

Optimal (type 3, 61leaves, 5steps):

\/b_Coshx]
b3/2 Ar‘cTan[ voa—s * ] (a +3 b) ArcTanh[Cosh[x]] Coth[x] Csch[x]

+

Va (a+b)? 2 (a+b)? 2 (a+b)
Result (type 3, 154 leaves):
Vb —ia+b Tanh|*| Vb +iJa+b Tanh[*]
—————|8b%? ArcTan| 2 | +8b*2ArcTan]| 21 -
8va (a+b)? Va Va

\/?(a+b) Csch[§]2+4\/a_(a+3b) [Log[Cosh[g]]—Log[Sinh[EH)—\/a_(a+b) Sech[i}2

2

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[x]?
J— dx
a+bCosh[x]?

Optimal (type 3, 94 leaves, 6 steps):
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5/2 2/b Cosh[x]
b2 ArcTan [ NS ] (3a%2+10ab+15b%) ArcTanh[Cosh[x]] (3a+7b) Coth[x] Csch[x] Coth[x] Csch[x]3
_ N _

Va (a+b)? 8 (a+b)’ 8 (a+b)? 4 (a+b)

Result (type 3, 229 leaves):
1

64+/a (a+b)?
Vb —i/a+b Tanh[i]

Vb +ia+b Tanh[f]

2\/?(3a2+10ab+7b2)Csch[i]zf\/;(a+b)2Csch[i]4—8 8b5/2Ar‘cTan[ }+8b5/2Ar‘cTan[
2 2

Va

Va (3a?+10ab+15b?) (Log[Cosh[ZHLog[Sinh[)z(HJJ+2\/§(3a2+1eab+7b2)Sech[)z(}2+\/?(a+b)25ech[)2(]4

Problem 56: Result is not expressed in closed-form.

j o
a+bCosh[x]3
Optimal (type 3, 288 leaves, 8 steps):

\/ a¥/2-bY/3 Tanh|X al/34 (~1)Y/3bY/3 Tanh [ 5] al/3_(-1)2/3bY/? Tanh { q
2 ArcTanh | ] 2 ArcTanh | -] 2 ArcTanh | |
N a1/3+b1/3 al/3_ (-1) 1/3 b1/3 al/3+ (-1) 2/3 p1/3

+ +

3a2/3+/al/3 _pl/3 /al/3 4 pl/3 3523 x/al/3 ~ (71>1/3 pl/3 \/31/3 R (71)1/3 pl/3 3 2/3 \/31/3 B (71>2/3 pi/3 x/al/B N (71>2/3 pl/3

Result (type 7, 105leaves):

2 x 1+ 2 Log|-Cosh[*] -sinh[*] + Cosh[*] #1 - Sinh[*]| m1] =1
~ RootSum|[b+3bn1? +8an1®+3bnl* + bul® &, 2 2 2 2 &]

3 b+4anl+2bnl?+brl?

Problem 57: Result is not expressed in closed-form.

1
J ———ax
a-bCosh[x]3
Optimal (type 3, 288 leaves, 8 steps):

+/ a¥/3+bY/3 Tanh|X al/3- (-1)Y/3b'/3 Tanh [ 5] a/34(-1)2/2bY/3 Tanh { q
2 ArcTanh | ] 2 ArcTanh| -] 2 ArcTanh | ]
/ a1/37b1/'3 al/3, (-1) 1/3 b1/3 al/3— (-1) 2/3 p1/3

+ +

3a2/3+/al/3 _pl/3 /al/3 4 pl/3 3523 x/al/3 ~ (71>1/3 pl/3 \/31/3 R (71)1/3 pl/3 3 2/3 \/31/3 B <71>2/3 pi/3 x/al/3 N (71>2/3 bl/3

Va

+
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Result (type 7, 105leaves):

) x#1 + 2 Log[-Cosh[*] - sinh[*] + Cosh[*] 51 - Sinh[*]| m1] =1
- = RootSum[b+3bn1? -8an1®+3bul* + bl &, 2 2 2 2

3 b-4anl+2bul?+bnul?

8]

Problem 60: Result unnecessarily involves imaginary or complex numbers.

1
j— dx
a+bCosh[x]*

Optimal (type 3, 361 leaves, 10 steps):
Va -Va+b ArcTanh|¥anifa 72 al/ATa"h[X]} Va -+va+b ArcTanh|asfab o2 al/ATa"h[Xw]

Va -va+b ~ Va -va+b -
2+/2 a¥*+/a+b 2+/2 a¥*/a+b
\JVa +Va+b Log[m—\/?al/“\/\/Fer Tanh[x] +\/?Tanh[x]2]
4v7 242 )
Va ++/a+b Log[va+b ++/2 a¥’*+/+/a +Va+b Tanh[x] ++/a Tanh[x]?]
4+/2 a¥4~[a+b

Result (type 3, 121 leaves):

Ar‘cTan[LLM Tanh[x ] Ar‘cTanh[LLLa Tanh[x ]
A/ —a+1‘m/a_w/F A\ a+]l\/a_\/F

2v/aJ-a+iva Vb 2+vaa+iva Vb

Problem 62: Result unnecessarily involves imaginary or complex numbers.

J; dx

1+ Cosh[x]*4

Optimal (type 3, 176 leaves, 10 steps):
APCTan[@M] ArcTan [@&L}

B \/—14—\/? + \/—1'*'\/7 _
4142 4~1++2

1++/2 Log[v2 -2+/1+V2 Coth[x]+ZCoth[x]2}+1x/1+\/7 Log |1+ 2(1+\/7) Coth([x] ++/2 Coth[x]?]

1
8 8
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Result (type 3, 45leaves):
ArcTanh[ XL | ApcTanh [ T2thixd |
=

1-1i 1+
+
2V1-1 2V1+1

Problem 64: Result is not expressed in closed-form.

J _ 4
a+bCosh[x]>
Optimal (type 3, 494 leaves, 12 steps):

</ a'/5-b'/5 Tanh|X \al/se (1) Y5 pY/s Tanh[i]
2 ArcTanh [ ] 2

\ al/5-(-1)2/5bY/5 Tanh { 1}
2Ar‘cTanh[ } 2Ar‘cTanh[ 2 ]
al/s,pl/s al/s_ (-1) 1/5 p1/s al/sy (-1) 2/5 p1/5
+ + +

5a%5+/al/5 —bl/5 /al/5+bl/5 g q4s5 \/al/s _ (71>1/5 h1/5 \/al/S . (71)1/5 bl/5 5 g4/5 \/al/S _ <71>2/5 pl/5 \/al/s N (71>2/5 p1/5

a5 a2 b Tann ] | 2ArcTanh[m Tanh 2]

; p P p P
al/s_(~1)3/5bY/5 al/5. (-1)4/5 bV/>

2 ArcTanh|

]

5 g4/5 \/al/s _ (_1)3/5 pl/5 Jal/s N (_1>3/5 pl/5 5 94/5 \/a1/5 ~ (_1>4/5 h1/5 \/a1/5 N (_1)4/5 pl/5

Result (type 7, 139leaves):

8 x 1% + 2 Log[-Cosh[*] - Sinh[*] + Cosh[*] #1 - Sinh| *] n1] =13
— RootSum[b + 5b1% + 10 b11* + 322115 + 10 b 11® + 5bul® + b1l g, 2 2 2 2 &]

5 b+4bt12+16at13 +6b1l% +4b 1% + b 18

Problem 65: Result is not expressed in closed-form.

1
J— dx
a+bCosh[x]®

Optimal (type 3, 171 leaves, 7 steps):

1/6 1/6 1/6
ArcTanh [ &-Tanhix] | ArcTanh| —2—Tenhixd . ArcTanh [ —2—Tenhixl Tt
al/3.pl/3 al/3_ (-1) 1/3 p1/3 al/3, (-1) 2/3 p1/3
+ +

3a%/6+/al/3 { pl/3 3 35/6 Ja1/3— <_1>1/3 bl/3 3 55/6 \/al/sJr (_1>2/3 bl/3

Result (type 7, 132leaves):

x 112 + Log[-Cosh[x] - Sinh[x] + Cosh[x] ##1 - Sinh[x] #1] #1?

16 2 3 3 4 5 6
~— RootSum|[b+6bnl+15b11% +64an1®+20bu1®+15b w1 + 6 bnl® + bul® &, &|
3

b+5bnl+32an1?2+10bn1%2+10b113 +5b11% + bH1®
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Problem 66: Result is not expressed in closed-form.

1
J— dx
a+bCosh[x]8

Optimal (type 3, 245leaves, 9steps):

_4\1/8 _3)1/8 _ay1/8 _4\1/8
ArcTanh [ (-2-—Tanhi. ArcTanh [ =2 —Tanhixl ArcTanh [ =2 —Tanhixl ArcTanh [ (2-—Tanhid.
(—a)l/"—bl/"‘ (—a)l/"—i pl/4 N (—a)l/“ﬂi pl/4 N (—a)l//"+b1/“

4 (—a)7/8 . (—a)l/4_pl/e 4(7a)7/8x/<7a)1/47]'lb1/4 4(7a)7/8\/<7a)1/4+jb1/4 4 (—a)7/8.[ (—a)l/4 , pl/e

Result (type 7, 158 leaves):
16Root5um[b+8bm+zsbmz+56bu13+256au14+70bu14+56bn15+28bm16+8bn17+bn18 &,
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] =13

&
b+7bH1+21b11%2+128a11®>+35b 113 +35b 1% +21b 1%+ 7 b H1% + b1’ ]
Problem 67: Result is not expressed in closed-form.
1
J s ax
a-bCosh[x]®
Optimal (type 3, 494 leaves, 12 steps):
ZArcTanh[gua [ Tanh], ] 2 ArcTanh | SR Tanh[;]} 2 ArcTanh| /% ()22 Tanh ] ]
~/ al/5_pl/s al/’5+<71>1/'5 pl/s al/s_ (-1)2/5 pl/s

+ + +

5a%5+/al/5—bl/5 +/al/5+bl/5 g q4s5 x/a1/5 _ (_1>1/5 bl/5 \/al/s . (_1)1/5 bl/5 5 a4/s \/al/s - (-1)¥5 s X/al/s N (_1>2/5 bl/5

\/mmnh{ﬂ ] 2 ArcTanh [ mhnhm

al/5: (~1)3/5bY/5 al/s_(~1)4/5bl/5

J

5 g4/5 \/a1/57 (71)3/5 pl/s \/al/s N (—1)3/5 bl/5 5 94/5 \/al/s _ (71>4/5 h1/5 \/al/sJr (71)4/5 pl/5

2Ar‘cTanh[

Result (type 7, 139 leaves):
3 x 113+ 2 Log[—Cosh[i] —Sinh[?] +Cosh[§} Hl—Sinh[f} w1 =13

- = RootSum|[b+5bn1? +10bn1* - 32an1° +10b=1° + 5bu1® + bn1' g, &]
5 b+4bul?-16an1®+6bnul*+4bnulb+ bnld

Problem 68: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]®

| 103



104 | 6.2 Hyperbolic cosine.nb

Optimal (type 3, 175leaves, 7 steps):

1/6 1/6 1/6
ArcTanh [ @=TahXL]  ApcTanh | —2—Tanhid ArcTanh [ —2—Tamhi
\/ al/3_pl/3 al/3, (-1)1/3 p1/3 al/3-(-1) 2/3 p1/3
+ +

3 35/6 +/q1/3 _ p1/3 3 a5/6 \/31/3 N <_1> 1/3 p1/3 3 35/6 \/al/B B (_1> 2/3 p1/3

Result (type 7, 132leaves):

16 5 3 3 4 s . x 112 + Log[-Cosh[x] - Sinh[x] + Cosh[x] ##1 - Sinh[x] #1] #1?
- —RootSum|[b+6bul+15bn1?-64an1®+20bn1%+15bu1* + 6 bu1® + bnl® &, &

3 b+5bnrl-32an1?2+10b11%2+10b113+5b11% + bHl®

Problem 69: Result is not expressed in closed-form.

1
J— dx
a-bCosh[x]8

Optimal (type 3, 213 leaves, 9steps):
ArcTanh [ &2Tanhx] ] Ar‘cTanh{gl—Lal’/STanh *] ArcTanh 2/ Tanh [x]_ ] Ar‘cTanh[gf—Lal/fsTanh x

p Y [ 1/a - v1/. /. /.
al/4_pt/a al/4_j pl/4 al/4, i pl/4 al/4 ., pl/4
+

487/8“/31/47}31/4 4a7/84/a1/4—11 b1/4 4a7/8“’a1/4+11 b1/4 4a7/81/a1/4+b1/4
Result (type 7, 158 leaves):

—16RootSum[b+8bu1+28btt12+56btt13—256a1114+70bt114+56btt15+28b1¢16+8b1117+b1118 &,
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] =13

&
b+7btl+21b11%2-128ax13+35b113+35b11%+21b11% +7b 11 + bl ]

Problem 70: Result is not expressed in closed-form.

1
Ji dx
1+ Cosh[x]?

Optimal (type 3, 223 leaves, 11 steps):
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2 ArcTanh| L0t Tanh[%]] 2ArcTanh| | :=CR% Tanh[%]]
2 2

£ (-1)2/5 +(-1)%3 Sinh[X]

5 (1+Cosh[x])

.
541 (-1)%° 5 1+(—1)3/5

Result (type 7, 445 leaves):

1
- ——RootSum[1-2#1+811%-1411° + 3051 - 14151° + 8 11° - 2117 + 118 &,

10
= x+2Log[—Cosh[i] —Sinh[i} +Cosh[i} Hl—Sinh[i] tﬁl} -4xal-
-1+8n11-2111%2+ 60113 - 35114 + 24 11° - 7 11° + 4 517 2 2 2 2
X . X X . X X . X X . X
8 Log[-Cosh|[—]| -Sinh|[ =] + Cosh| =] #11 - Sinh| =] #1] #11 + 15 x 11% + 3@ Log [ - Cosh| = | - Sinh[ =] + Cosh[ =] #1 - Sinh[ =] n1] 1% -
2 2 2 2 2 2 2 2
40 x 111° - 80 Log[{osh[f} —Sinh[i} +Cosh[5] nl—Sinh[i} #1513 + 15 x 514 +
2 2 2 2
30 Log |- Cosh[ =] - Sinh[ ] + Cosh[ ] =1 - Sinh[ ] 1] 1% - 4x 515 - 8 Log[ - Cosh[ | - Sinh[ ] + Cosh[ ] =1 - Sinh|[ > ] 1] 15 +
2 2 2 2 2 2 2 2
xtt16+2Log[—Cosh[§} —Sinh[z} +cosh[§} ttlfsinh[z] n1] ms] &) + iTanh[g]
Problem 72: Result is not expressed in closed-form.
1
Ji dx
1+ Cosh[x]8
Optimal (type 3, 129 leaves, 9 steps):
ArcTanh|[ —T2XL— ] ApcTanh|[ 2] ApcTanh|[ "] ArcTanh | —2mhixl—
1-(-1)Y/* 1+(-1)Y/4 1-(-1)%* 1+(-1)3/4

Result (type 7, 127 leaves):
x 13 + Log[-Cosh[x] - Sinh[x] + Cosh[x] ##1 - Sinh[x] #1] =13

8]

16 RootSum |1 + 8 111 + 28 1% + 56 111 + 326 111* + 56 11 + 28 11 + 8 1117 + 1118 &,
14781 +2111% + 163117 + 35141% + 21 11° + 7 11 + 11’
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Problem 73: Result is not expressed in closed-form.

1
Ji dx
1-Cosh[x]?

Optimal (type 3, 205leaves, 11 steps):

Ta
2 ArcTan|

2ArcTan]| |- Len® Tanh[%]] 2ArcTanh[ | X2 Tanh[%]] 2 ArcTanh| Lt Tanh[*]]
1-(-1)%/° 2 1+ (-1)Y° 2 1+ (-1)3/5 2
- + + +

54/-1+ (-1)*"° 5./ -1-(-1)%"° 5./1-(-1)%° 541+ (-1)%° 5 (1-Cosh[x])

Sinh[x]

Result (type 7, 445 leaves):

1 X 1 2 3 4 5 6 7 8 1
= Coth[ =] + — RootSum|[1+ 251 + 8112 + 14113 + 30 11% + 14 11° + 8516 + 2117 + 71 &,

5 2 10

1+811+2111%2+60113+3581% +2411°% + 7118 + 4517
X

(x+2Log[—Cosh[2] —Sinh[g] +Cosh[§] Hl—Sinh[E] 111 | +4xtt1+8Log[-Cosh[§} -Sinh[g} +Cosh[§] ul-Sinh[E} m1] 51+ 15 x 112 +

30 Log| - Cosh[ =] - Sinh[ ] + Cosh[ ] =1 - Sinh[ ] 1] 12 + 40 x=1% + 80 Log[ - Cosh[ | - Sinh[ ] + Cosh[ ] #1 - Sinh[ > ] =1] #13 +
2 2 2 2 2 2 2 2
15 x 114 + 3@ Log{—Cosh[i} —Sinh[i} +Cosh[5] m-Sinh[i} H1] 114+ 4 x 11 +
2 2 2 2
8 Log[-Cosh| | - sinh[~] + Cosh|~] =11 - Sinh[~] 1] 715 + x 518 + 2 Log[ - Cosh[ = | - Sinh[ > ] + Cosh[ ] 11 - Sinh[ = | 1] m6] &
2 2 2 2 2 2 2 2

Problem 81: Result is not expressed in closed-form.

Tanh[x]3
J— dx
a+bCosh[x]3

Optimal (type 3, 153 leaves, 11 steps):
al/3_2 bl/3 Cosh[x
b?/3 Ar‘cTan[gf—LZ%ai/sh ] Log[Cosh[x]] b?Log[al/+bl/?Cosh[x] ]
+ + -

\/?asu a 3 35/3
b2/3 Log[a2/3—a1/3 bl/3 Cosh[x] +b2/3Cosh[x]2] Log[a+bCosh[x]3] Sech[x]?2
n

6a°/3 3a 2a

Result (type 7, 145leaves):
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1

6a

-6x+6Log[Cosh[x]] -

, 3 . . -bx+blog[eX-#1] -4axm1®+4alog[eX-11] #13-3bx 1% +3blog[eX - 1] #1*
2 RootSum|[b +3b=1? + 8an1® + 3bnl® + bul® &,

&| +

b+2bnl?+4an13+bml?

3 Sech[x]?

Problem 82: Result more than twice size of optimal antiderivative.

Tanh [x]

dx
r/a+bCosh[x]3

Optimal (type 3, 28 leaves, 4 steps):

2 ArcTanh [ a+b3£h[x]3 }
a

3+/a
Result (type 3, 66 leaves):

2+/b ArcSinh[ 2 S;cbyxﬁ/z} b+ase;mxv

3+/a yJa+bCosh[x]3 Sech[x]3/2
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Summary of Integration Test Results

816 integration problems

A - 700 optimal antiderivatives

B - 29 more than twice size of optimal antiderivatives
C - 40 unnecessarily complex antiderivatives

D - 39 unable to integrate problems

E - 8 integration timeouts



